ECONOMETRICS II

Cross-sectional and Panel Data

Haimo Fang
Notes on ECON130277H by Prof. Ruochen Wu



Contents

Il Introduction
1.1 What are we actually doing when we “do inference”? . . . . . . .. ... ...
1.2 A minimalist Bayesian skeletonl ..........................
1.3 Why inference?‘ ...................................
1.4 What’s next?| ....................................
Iz Asymptotics{
2.1 Convergence in Probability| ............................
2.2  Markov Inequality and Chebyshev Inequalityl ..................
2.3 Convergence in higher order mean (LP )| .....................
2.4 Unbiasedness & Consistencyl ............................
2.5 Univariate Weak Law of Large Numbers{ .....................
0.6 Multivariate WLLN . . o o o ooo e e
2.7 Convergence in Distribution (Weak Convergence)| ................
2.8  Central Limit Theorems{ ..............................
2.9 Summarxl ......................................
|3 Ordinary Least Squareé
3.1 Setup and notation . . . . . . .. ...
3.2 Design . . . . .. e
3.3  Gauss—Markov assumptionsl ............................
3.4 Small-sample properties: unbiasedness and BLUEj ................
3.4.1 Unbiasednessl ................................
3.4.2 Variance and the classical formulal ....................
5.4.3  Gauss Markov theorem (BLUE) . . .« o o voo
13.5 Large-sample propertiesl ..............................
3.5.1 Consistencyl .................................
3.5.2 Asymptotic normalityl ...........................

b.6 Summarxl ......................................

Generalized Least Squares|

1.1 Diagnosing Heteroskedasticityl ...........................
1.2 Remedies . . . . . . . . e e
1.2.1  White’s Robust Standard Errorsi .....................
1.2.2  Weighted Least Squares (WLS)| ......................
|4.3 Generalized Least Squares (GLS)‘ .........................
1.3.1  Cluster-Robust Standard Errorsi .....................
4.3.2  Feasible GLS (FGLS) . . « « oo oo
1.3.3  Seemingly Unrelated Regression Equations (SURE)l ..........

h-4 Summarﬂ ......................................

10
10
11
12
14
15
17
19
20
22

24
24
24
25
25
25
26
26
27
27
27
29



E Outlier;

H.1

Detecting Outliers‘ .................................

H.2

Leverage and Inﬂuencel ...............................

b.3

Remedies . . . . . . . e e e

b Endogeneityl

|7 Generalized Method of Momenté

7.1

Setup and Notation . . . . . . . . . . . . . .. ... e

7.2

The GMM Objective Functiod ..........................

7.3

Optimal ,d ......................................

7.4

Optimal Weighting Matrix W ]\l ..........................

7.4.1 A two—moment compromisel .......................
7.4.2  Estimating Optimal W n | .........................

7.5

Instrumental Variables and 2SLS as GMMi ....................

7.6

Finite-sample Bias and Consistency of QSLS| ...................

7.7

Simultaneous Equation Systems and System GMMj ...............

7.7.1 An Economic Example: Supply and DemandJ ..............
7.7.2 System setud ................................
7.7.3  Validity Conditions in SESS . . . .« o o oo
7.7.4 Estimation under Homoskedasticityl ...................
7.7.5 Estimation under General Error Covariancei ...............

7.7.6 Feasible estimation via two—step Weightingj ...............
7.7.7 Properties of System GMM . . . . . ... ... ... ... .......

7.8

Three—Stage Least Squares (SSLS)‘ ........................

7.9

Testing Moment Conditioné ............................

7.9.1 Hansen’s J-test. . . . . . . . . . ...
7.0.2  The CeSt. .« o o o oo

|Z .10 Summarﬂ ......................................

b Maximum Likelihood Estimation

3.1

A Binomial Exampl(% ................................

3.2

Principles of MLEj .................................

8.2.1 Likelihood and Log—Likelihoodl ......................

8.2.2 Identiﬁcationl ................................

8.2.3 Score Function and Hessianl ........................

8.2.4 Invariance of the MLEj ...........................

3.3

Asymptotics of Score Vectors and Fisher Informati0n| ..............

3.4

Asymptotics of MLE . . . . . . . . . .

8.4.1 A heuristic route to consistency| ......................

8.4.2 Consistency of M—Estimatorsl .......................

8.4.3 Asymptotic Normalityl ...........................

K5

Likelihood-based Inferencd .............................

8.5.1 Standard errors from (observed) informationl ..............

8.5.2 Three classical tests: Wald, likelihood ratio, and score . . . . ... ..

8.5.3 Likelihood-based confidence intervals and regioné ............

40
40
42
43

44

47
47
49
50
50
51
53
53
55
58
58
58
60
61
62
63
64
65
69
69
69
70



...................................... 86

b Binary Choice Mode14 87
0.1 Linear Probability Mode]l ............................. 87
0.2 Probit and Logit Modelé .............................. 88
0.3 Latent Variable Interpretationl ........................... 89
0.4  Alternative Interpretations of Logit and Probit . . . . .. ... ... ... .. 90
0.5 Marginal Effecté .................................. 91
0.6 Estimation by Maximum Likelih00d| ....................... 92

0.6.1 Likelihood Setup| .............................. 92
0.6.2  First Order Conditions . . . . . . . ... ................. 93
0.6.3 Hessian and curvaturej ........................... 93
0.7 Inference on a ................................... 95
0.8 Inference on Marginal Effects . . . . . . . . . ... .. .. ... ... ... 96
D.8.1  Delta Method . . . o . o oo o 96
0.8.2 Delta Method for Marginal Effectsl .................... 97
b.9 Hypothesis Testing . . . . . . . . . . .. . 98
0.9.1  Wald Test] . . . o o oo 99
h.9.2  Likelihood Ratio (LR) Tests . « « « .« o o oo 100
0.9.3 Lagrange Multiplier (LM) / Score Testsl ................. 101
b.lO Goodness of Fitj ................................... 102
D.10.1 Pseudo RZ . o o o o 103
D.10.2 McFadden’s RY . . . . oo o 103
b.ll Endogeneity and Full-Information MLI*j ..................... 103
0.11.1 Attempting 2SLY . . . . . . . 104
0.11.2 A Moment-Condition Attempd ...................... 104
0.11.3 A Frequentist Fix: Joint Modeling and Full-Information MLE . . . . . 107
b.12 From Binary to Multinomial ChoiceJ ....................... 108
0.12.1 Latent-utility setup and normalizationl .................. 108
H.12.2 Multinomial Logit (MNL) . . . . o o oo 108
0.12.3 Estimation by MLE . . . . . ..o 109
D.12.4 Marginal Effects . . . . o o o oo 109
b.l3 Summarxl ...................................... 110

|10 Linear Panel Modelsl 111
10.1 Specifications and POLd .............................. 111
10.2 Linear unobserved effects, FE vs. RE, and strict exogeneity{ .......... 113
10.3 Fixed effects . . . o o o oo 114

10.3.1 LSDV estimation] . . ... ... ... ... ... ... ... ... 114
10.3.2 Within estimaton] . . . . . .o oo 115
10.3.3 Asymptotics of the within estimatoﬂ ................... 116
10.3.4 First differences . . . . . . o o oo 120
10.3.5 Policy evaluation, first differences, and Dilj ............... 121
h0.4 Random effectsJ ................................... 123
10.4.1 Random effects via GLd .......................... 124
10.4.2 Feasible GLS for random effects (FGLS)‘ ................. 124




h0.4.3 Random effects as quasi—demeaning] ....................

10.5 Hausman test (FE vs. RE)‘ ............................

10.6 Summarxl



1 Introduction

Welcome to the world of Econometrics IT!

This course is about learning how to make sense of data when we want to answer economic
questions. In your first econometrics class you saw the basics of regression and estimation;
here we take those tools much further, focusing on two broad settings that economists

frequently encounter:

o Cross-sectional data: many units observed at one point in time (e.g., household

surveys).

o Panel data: many units tracked over multiple time periods (e.g., firm-level financials).

These data structures are powerful because they let us control for hidden differences
across individuals and study dynamics over time. But with that power come new statistical
headaches: dependence, heteroskedasticity, correlation across equations, and (most impor-

tantly) the need for robust inference.

Along the way we will build a foundation in the statistical machinery that underlies

modern econometrics. Roughly speaking, the storyline is:

1. Asymptotics: how estimators behave in large samples (LLN, CLT, continuous map-

ping, Slutsky, etc.).

2. OLS: small-sample properties (BLUE) and large-sample properties (consistency and

asymptotic normality).
3. Beyond OLS when assumptions fail: GLS, SURE, and robust variance ideas.
4. Endogeneity and identification: what goes wrong, and how we fix it (IV).
5. Moment-based inference: GMM and its logic (identification, estimation, testing).

6. Likelihood-based inference: MLE as the “full model” counterpart to moment

methods.
7. Binary choice models: (logit/probit) as a canonical nonlinear likelihood setting.

8. Panel data: fixed effects, random effects, and the logic of within vs quasi-demeaning
(and friends).

Sometimes our path will be rigorous and mathematical, other times intuitive and story-
driven—and occasionally we will slip in a fun fact or two (because even econometricians
deserve coffee-break trivia). My hope is that these notes will serve not only as a technical
reference, but also as a friendly companion on your path through cross-sectional and panel

data analysis. =D



1.1 What are we actually doing when we “do inference”?

Before we set off, let us pause for a moment on a deeper question: what does it even mean
to “make inference” from data? The answer depends on your view of probability itself.

If you flip a fair coin, is the probability of a head exactly 1/2? Or could it itself be
uncertain, varying across trials as if drawn from its own distribution? Your answer reveals

which statistical “philosophy” you lean toward:

o Frequentists treat parameters as fixed but unknown numbers. Inference is about

learning these constants from repeated samples; the randomness lies in the estimator.

o Bayesians treat parameters themselves as random variables. Inference is about de-
scribing uncertainty about parameters with probability distributions; the randomness

lies in the parameter.

Although this philosophical distinction matters, in practice both camps share the same
goal: learning about unknown features of the data-generating process. What differs is the

machinery they use.

Frequentist inference. We report point estimates (e.g., é) and quantify uncertainty via

the sampling distribution of 6: confidence intervals and hypothesis tests are the workhorses.

Bayesian inference. We combine a prior and a likelihood to obtain a posterior f(6 | y)
and report credible intervals, posterior probabilities (e.g., P(8 > 0 | y)), or decision rules
under a loss function.

Fun Facts 1.1. A random fact and I should probably keep it as a definition: A

collection of observations {(x;,y;)}7; is called a sample.

1.2 A minimalist Bayesian skeleton

To formalize the Bayesian perspective, suppose our data are generated from a parametric

family. Write the sampling model as

yi ~ f(yi;0).

A Bayesian introduces an additional layer:
yi | 0~ fy(yi;0) (likelihood), 0 ~ fu(0) (prior),

and updates beliefs via the posterior

n

fO1y) o< fu(8) HfY(yi;9)~

i=1



Fun Facts 1.2 (Hyperparameters). Parameters we must specify to fit the model,

but which are not themselves the main object of interest.

Conjugate priors. If the prior and posterior belong to the same distributional family,
the prior is said to be conjugate to the likelihood. Conjugacy makes Bayesian updating

algebraically simple.

Example 1.3. If the prior is normal and the likelihood is normal with known vari-

ance, then the posterior is also normal.

Example 1.4 (Exponential Family). Many exponential family likelihoods (normal,

binomial, Poisson, etc.) admit conjugate priors.

When priors are not conjugate, deriving the posterior analytically may be impossible.
In such cases, modern methods such as MCMC (e.g., Gibbs sampling, Metropolis—Hastings)

allow us to generate draws that approximate the true posterior distribution.

Fun Facts 1.5. If X ~ N(u,02%) and Y = ¥, then Y is log-normally distributed,
written Y ~ In N (p, 02).

1.3 Why inference?

At this point, you might be wondering: why care about inference at all, if prediction accuracy
is what matters? After all, much of modern machine learning celebrates metrics like R?,
mean squared error, or cross-validation accuracy. And indeed, these are valuable: they tell
us how well a model predicts unseen data.

But econometrics cares about more than prediction. Our central questions are often
causal or structural: does education raise wages? does monetary policy affect inflation?
Here, we are not satisfied with saying the model predicts well. We need to measure uncer-
tainty, test hypotheses, and construct confidence intervals. R? is not enough when your job
is to guide policy or test theory.

Interestingly, even the machine learning community is moving in this direction. Re-
searchers now increasingly ask: how can we put error bars around complex black-box pre-
dictors? This is precisely an inference problem. Two examples (which you do not need for

this course) come from ensemble methods:

o« Random Forests (RF). Though designed as a prediction algorithm, under certain
conditions Random Forest predictions satisfy a Central Limit Theorem (CLT). This
means that as the number of trees grows, the prediction at a fixed point becomes

approximately normal, allowing us to attach standard errors to forest predictions.

» Bayesian Additive Regression Trees (BART). BART takes an explicitly Bayesian
route, putting priors on trees and learning posteriors through MCMC. The resulting



posterior predictive distribution provides a natural way to quantify uncertainty. Here
too, asymptotic normality results exist, letting us treat BART as not just a prediction

engine but an inference tool.

1.4 What’s next?

Whether you lean Frequentist, Bayesian, or “I just want the standard errors to work,” you
eventually run into the same bottleneck: we need a language for uncertainty that behaves
well as sample size grows. That language is asymptotics. This is why we begin in Chapter
2 with convergence concepts, LLN, and CLT—the infrastructure that will quietly power

nearly everything later.



2 Asymptotics

2.1 Convergence in Probability

Think about how we can give a definition for random convergence: we say we can determin-
istically bound the series within a small enough interval given that N is large enough. But
how can we define such behavior if the sequence is random? A deterministic convergence
statement cannot be obtained anymore. Still, the idea of convergence can be accommodated

in a probability perspective. One can make an attempt below:

Conjecture 2.1 (Asymptotics of deterministic series). High level idea: when defin-

ing nlgrolo an, = a*, we are really just using the e~V language.

Here is the conceptual swap: in deterministic analysis, we control the tail of the sequence
for sure. in probability, we typically can’t promise “for sure”—we can only promise “with
probability close to one”. So asymptotics becomes a language for saying: for large n, bad

events happen rarely.

Asymptotics is the terminology you are looking for to define such analogs in probability

arguments. And the first type of asymptotic we can give is convergence in probability.

Definition 2.1 (Convergence in probability). Given a random sequence {X,,}5 ;,

we say X, converges to ¢ in probability if for every ¢ > 0,
P(|X, —¢|>¢) =0 (n — 00).

We denote this by X, 5 e

Equivalently lim P(|X,, —¢| <¢) =1 for every € > 0.
n—r oo

A quick sanity check: this is really just the e-~IN idea with one word changed. Instead
of “for all n > N the inequality holds,” we ask “for all n > N the inequality holds with

probability close to one.

Here’s an example of convergence in probability (if you are interested):

Example 2.2. Consider a random variable X, with P(X,, = 0) = 1— 1 and
P(X,=n)= % It converges to 0 in probability since for any € > 0,

This example is worth remembering because it shows what convergence in probability
does and does not care about: X, occasionally takes a huge value (n!), but the probability
of that “jump” goes to 0. So probability convergence is about frequency of failure, not size
of failure.

There’s another type of convergence called almost sure convergence, which will be less
of an interest in this course, though. Almost sure convergence is the “stronger, pathwise”

10



notion: it says that for almost every outcome w, the sequence eventually behaves. Conver-
gence in probability is weaker: it allows different w’s to misbehave at different n’s, as long

as the total probability of misbehavior goes to zero.

Fun Facts 2.3 (Almost sure convergence). Given a probability space (€2, F,P) and
random variables X,,, X, we say X,, converges to X almost surely if

IP’({w eQ: nlgr;o Xn(w) = X(w)}) = 1l

2.2 Markov Inequality and Chebyshev Inequality

Often, convergence in probability does not come for free. It requires us to leverage infor-

mation we know about the random variable at hand.

And here comes the practical problem: the definition of X,, 2> ¢ asks us to control
probabilities like P(|X,, — ¢| > €). But in real life, we often don’t know that probability
exactly. What we do know (or can compute) are things like E [X,,] or Var (X,,). So we need
inequalities that convert moments into tail probabilities. This is why Markov and Chebyshev
show up everywhere: they are the duct tape of probability.

In proving convergence in probability (e.g. WLLN), lots of techniques have been devel-
oped. Some call them concentration inequalities. But among the earliest and most useful

is the Markov inequality.

Lemma 2.1 (Markov inequality). Let X > 0 almost surely and let 6 > 0. Then

P(X >9) < I@
Proof.
E[X] > E[X1(X >4)] > E[1(X >6)] =0P(X > ).
Divide both sides by 6. O

Markov is extremely general (it only needs nonnegativity), which is code for: the bound

can be extremely loose. But loose is still better than nothing when you have nothing.

Another important inequality is the Chebyshev inequality, historically connected to
Markov.

Lemma 2.2 (Chebyshev inequality). Let X be a random variable with E[(X —¢)?] <
o0, and let € > 0. Then

E[(X — ¢)?
€
In particular, taking ¢ = E[X] yields
Var (X
P(|X —E[X]| > ¢) < azg ).

11



Proof. Apply Markov to the nonnegative r.v. (X — ¢)%:

Divide both sides by &2. O

Chebyshev is the first time variance becomes a protagonist: it tells you that if variance
goes to zero, large deviations become rare. Which is exactly the vibe we need for proving

things like “sample averages stabilize.”

Both inequalities bound the probability of a deviation of our sequence from a proposed
“limit,” which matches the definition of convergence in probability. However, convergence
in probability is sometimes less handy than a stronger notion of convergence, which we will
call convergence in higher order means, also known as convergence in LP.

The big idea: instead of controlling tail probabilities directly, we control expected losses

like E [|Xn — c|2], which can be easier to compute.

2.3 Convergence in higher order mean (L?)

Definition 2.2 (Convergence in second order mean). If lim E[|X,, — ¢|?] = 0, then
n—oo

2
we say X,, converges to ¢ in quadratic mean (or L?), denoted X, e

This type of convergence is stronger than convergence in probability. Intuition: large
deviations get squared, so “rare but huge” events matter much more. So L? convergence is
basically saying: not only are bad events rare, even their squared damage becomes negligible

on average.

Now comes the key bridge: we introduced Markov/Chebyshev precisely so we can trans-
late moment statements into probability statements. So it should not be surprising that L?

convergence implies convergence in probability.

2
Theorem 2.4 (L? convergence implies convergence in probability). If X, L ¢, then
Xn 5.

Proof. For any € > 0, apply Markov to the nonnegative r.v. (X, — ¢)%:

P(|X, —c|>e) =P((X, —c)? >?) <
O

So, if you can prove an L? statement, you automatically get a convergence-in-probability
statement for free. (This is one of the rare times in life that “stronger implies weaker” works

in your favor.)

12



There are lots of estimators (who themselves are random variables) we wish to prove
convergence for. The sample mean is the first celebrity in this story. Before proving its L?
convergence, we isolate a small reusable lemma below. In English, Theorem @ is saying
if the mean goes to ¢ and the variance collapses to zero, then the whole random variable

collapses to ¢ in L?.

Theorem 2.5. Given a sequence {X,, }y+ with mean E[X,,] = u,, < co and variance

. i
02 < oo, if puy, — c and 02 — 0, then X,, = c.

Proof. Use the identity
E[(X, — ¢)?] = Var (X,,) + (E[X,)] — ¢)* = 07 + (un — ¢)* = 0.

O

Theorem @ is mainly a tool for proving L? convergence of sample means later. This
is intuitive: as n progresses, we have a pile of distributions that become more and more

concentrated, and eventually collapse to a delta function at c.

Fun Facts 2.6. Here are some specification on what do we mean by each terminol-

ogy: mean: sample mean. Expectation: population mean.

Fun Facts 2.7. You never say “I ate my breakfast” before, but rather “I had my
breakfast.” “Maketh” is just a fancy word for “Makes”.

Enough fun facts. Utilizing @, now we can state and prove a quadratic mean conver-

gence of sample means.

Theorem 2.8 (Convergence of Sample Mean in Quadratic Mean). Define X,, =

— 2
%2?21 X;. If {X;}i>1 are i.i.d. with mean p and variance 0 < oo, then X, L 1.

Proof. First,

Next, using independence,

n 2

_ 1 1 <& o
Var (X,,) = Var (n ;Xz) =3 Z:ZlVar (X;) = — =0

Apply Theorem @ O

Since L? convergence implies convergence in probability (Theorem @), we can safely
conclude that the sample mean converges to the population expectation (mean)
in probability.

13



At this point we have enough machinery to talk about estimators in econometrics: we
want them to hit the right target (eventually), and ideally not be systematically off-target
even in finite samples. That leads to unbiasedness and consistency.

2.4 Unbiasedness & Consistency

Definition 2.3 (Unbiasedness). Consider a parameter € R and an estimator 6, (a

random variable). If E[f,] = 6, then we say 6, is unbiased for .

Definition 2.4 (Consistency). Consider a parameter § € R and an estimator 6,, (a

random variable). If én N 0, then we say én is a consistent estimator for 6.

Unbiasedness is a concept under finite sample size. Consistency is a metric when you let
the sample size grow. You can think of it this way: unbiasedness is “on average I'm right,
even for fixed n” (a finite-sample promise), while consistency is “I might be wrong now, but
give me enough data and I'll stop embarrassing myself” (an asymptotic promise). These are
different virtues. Econometrics likes both, but settles for consistency a lot.

Notice that consistency does not imply unbiasedness, nor does unbiasedness imply con-
sistency. The latter direction is easy to deal with. Here’s a counterexample of the “consistent

but biased” direction:

Example 2.9. Let fi, = X, + % It is consistent for p (because X, LN w and

L —0), but it is not unbiased:

Eljin] = E[%a] +~ =t # .

This example also gives us a spoiler on a common pattern: “small deterministic biases”
often vanish asymptotically, which means asymptotics can be forgiving—sometimes too
forgiving, if you're not careful.

As promised before, LP convergence sometimes comes off more handy as convergence in
probability. If we take a closer look at Definition @, a theorem on the consistency of the

sample mean can be given by referring to the convergence of X,, (Theorem @)

Theorem 2.10 (Consistency of sample means). A sample mean X,, is a consistent

estimator for the population mean pu.

At this point, you might reasonably ask: “why did we work so hard to prove consistency
of the sample mean, when everyone already believes it in their bones?” Because this is the
template: compute mean/variance = prove a mode of convergence = conclude consistency.

The weak law of large numbers packages this template into a named theorem.

14



2.5 Univariate Weak Law of Large Numbers

Phew... that’s quite a lot going on in previous sections. We’ve been discussing different
types of convergence and something on unbiasedness and consistency as well. But what
is really governing those properties? How do we know that a sample mean is (usually)

consistent?

The short answer is: averaging kills noise. The longer answer is: averaging kills noise
under conditions, and probability theory is where we list those conditions in public.

When you place your cursor on the select button on jwfw.com to sign up for classes,
why you don’t see yourself enrolling in none of them?

WEell, if you haven’t heard of the weak law of large numbers before, here, I quote from
Dr. Sheldon Cooper:

Oh, well, this would be one of those circumstances that people unfamiliar with the law
of large numbers would call a coincidence.

Take this!

Theorem 2.11 (Khintchine’s WLLN). If {X;};>; are i.i.d. and E[|X;|] < oo with
E[X;] = u, then
X, 5 L4

This is the first WLLN we see in this class. And if you are interested in probability
theory, you know there are many versions of LLN. A helpful way to distinguish between
them is to look at assumptions: here, we only assume i.i.d. and finite mean. We make no
assumptions on the variance.

Why does that matter, though? Because in real data you can absolutely have heavy
tails: finite mean might be plausible, finite variance might not. So Khintchine is a nice

reminder that “variance exists” is not a law of nature.

Fun Facts 2.12 (A little digress on the Student-t Distribution. You can skip it if

you are annoyed.). A random variable following a ¢-distribution has density

D) oo
f(t):\/ﬁif,(%)(l—i-;) . u>0,teR.

v is called the degree of freedom (roughly: number of data points minus number
of estimated “free” parameters).
A t-statistic for an estimator is given by

6, — 6
s.e.(f,)

A t distribution approaches N'(0,1) as v — oo. A t distribution with df 1 is a Cauchy
distribution.
For a t(v) distribution: the mean exists iff v > 1 and the variance exists iff v > 2.

So for 1 < v <2 you get finite mean but infinite variance.

15
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Figure 1: t-distributions

Fun Facts 2.13 (Student-t Distribution (cont.)). Since we are talking about ¢-
statistics, consider the linear model

Yi = Bo + Prx; + €.

The degree of freedom of the usual t-statistic in this model would be n — 2. If we
only have two data points, can we test the null hypothesis Hy : f; = 17 Of course
not! We are not estimating (all information from the data is exhausted), i.e. we are
extrapolating. Inference is impossible. If we have 3 data points, we can actually
estimate Bl and Hy becomes testable.

Rule of thumb: having a t-statistic with |[¢| > 2 often corresponds to something
around 95% significance (in large-ish samples), but yes, this is a rule of thumb, not

a law of physics.

Fun Facts 2.14 (Bezier curve (Splines)). A way to fit data points without interpo-
lating them. For example, with 15 data points, you don’t want to use 14-th order

polynomials to fit it.

[0.333, 0667, 1]

P[D, 0.333,0.667)

Plo 667,1,1]

P

10,0,0333

[
R

Pw.o.0

Figure 2: Splines
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Now, there is another WLLN you will see constantly because it is “one line” once Cheby-
shev exists. Philosophically, it says: if the variance of the average goes to zero, then the
average concentrates around its mean. (Yes, this is basically the same movie as before, with

a slightly different cast.)

Theorem 2.15 (Chebyshev’s WLLN). Let {X;};>1 be independent with E[X;] =
pi < oo and Var (X;) = 07 < oo. Define

1 — 1 —
X == X 0, = —
n= 2 X =)
=l =1
If
L
i=1
then
Xn_ﬁngo

Fun Facts 2.16. Note: writing “X,, EN Wn” is not a standard convergence-in-
probability statement if p, changes with n. The clean object is X, — fi, 20
(as above). If additionally fi,, — u, then X,, & p by Slutsky/continuous mapping.

At this stage, a natural question is: what if we apply some function to our convergent
sequence? In econometrics we do this all the time: we take square roots, inverses, ratios,
plug-in variance estimates, logs, etc. So we need a theorem that says “convergence survives
reasonable transformations.” The following theorem shows that convergence in probability

is preserved under continuous transformations.

Theorem 2.17 (Continuous Mapping Theorem (for convergence in probability)). If
g(+) is continuous and X,, 2 ¢, then

9(Xa) = g(c).

2.6 Multivariate WLLN

Next we extend the discussion from univariate to multivariate. This is not optional: most
econometrics objects are vectors and matrices, and pretending everything is scalar is a

lifestyle choice, not a methodology.

Fun Facts 2.18. Antonio Lucio Vivaldi’s works are labeled beginning with R.V.

followed by a bunch of numbers.
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Definition 2.5 (Convergence of random vectors/matrices in probability). Let X,, €
R% and ¢ € RY. We say X,, > c if for every € > 0,

P([|X, —c|| >¢) = 0.

For random matrices of fixed dimension, the same definition applies using any matrix

norm (equivalent in finite dimension).

You can think entrywise convergence as an equivalent way in fixed dimension (norm

equivalence), but note the entries are not “independent objects”—they can be tightly linked.
Example: v,, = (X,,, —X,,)" with X,, ~ AM(0,1/n). Then X,, 2 0 and hence v,, % 0, even
though the coordinates are perfectly (negatively) dependent.

Finally, we want algebra rules. Because in practice we build estimators by adding, mul-

tiplying, dividing, and inverting things. If convergence is not stable under these operations,

asymptotics would be a very short subject.

Theorem 2.19 (Algebra under 5 (a.k.a. “Slutsky for probability”)). If X,, & ¢ and
Y, & d, then

X, +Y, Bc+d,
XY, 5 ed,
X,V B c/d provided d # 0.

Moreover, if W,, 2 Q where © is nonsingular and W, is nonsingular w.p. — 1, then

w0t w,v,53av if Vv, B,

n

A sketch of proof: the mappings above are continuous (on the domain where they are

defined), so Theorem applies.

Fun Facts 2.20. About the t-statistic in the linear model y; = By + S12; + €;: exact
finite-sample ¢-distribution statements usually require normality of €; (plus the usual
linear model conditions). But asymptotically, t-statistics often converge to N(0,1)
under much weaker conditions (CLT + Slutsky).

So much for convergence in probability. However, is convergence in probability alone

sufficient for econometric practice? Here’s the thing: convergence in probability is great for

estimation (location), but useless for inference unless you also know the shape of fluctuations.

To reject a null hypothesis, you need a limiting distribution, not just a limiting point.

WLLN tells you that with infinite sample size you end up somewhere, but it does not

tell you how fast you get there, or what the error looks like for large but finite n. Hence we

need convergence in distribution, and that’s where the famous CLT(s?) comes in.
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2.7 Convergence in Distribution (Weak Convergence)

What is convergence in distribution? Here’s the definition:

Definition 2.6 (Convergence in distribution). Given X,, ~ F,, and X ~ F, we say
X, converges to X in distribution if

F,(xz) — F(x) for every continuity point x of F.

We denote this by X, 4 X.

Before going further, it helps to interpret what weak convergence is saying: it is conver-
gence of probability laws, not convergence of outcomes. So it is weaker than almost sure or
in-probability convergence, but it is exactly what we need for asymptotic inference.

A limiting distribution is described below.

Definition 2.7 (Limiting distribution & moments). If X, LT F, then F is the
limiting distribution of X,.

If F has moments, then the moments generated by F' are called the limiting moments
of X,.

Fun Facts 2.21. Warning: X, 4 X does not automatically imply E[X*] — E[XF].
To pass moments through limits you typically need extra conditions (e.g. uniform

integrability / dominated convergence style assumptions).

Here’s an example:

Example 2.22. If X, ~ t(n), then X, LN N(0,1). The limiting expectation is 0

(since E[X,] = 0 for n > 1) and the variance is -5 for n > 2, whose limit is 1.

Boom! Slutsky again (now in the weak convergence setting).

Theorem 2.23 (Continuous mapping + Slutsky (weak convergence)). If X, 4 x
and ¢(+) is continuous, then g(X,,) A 9(X).
Moreover, if Y;, 2 ¢ where c¢ is constant, then

X
XY, S X, X, 4+Y,3X+te 4

n

X if ¢ # 0.
c

What you can read off Theorem is as follow: you can replace unknown constants
by consistent estimators inside limiting distributions. This is the legal justification for half
of econometrics.

Notice: for X%ﬂ the map f(z) = 1/ is continuous on R\ {0}. So the issue is not “1/x

is never continuous”; the issue is whether your sequence puts mass near 0 (or the limit puts
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positive probability at 0), in which case continuity at the relevant points fails.

Another way to check weak convergence is via the Cramér—Wold device: if after any
linear transformation the random vector still converges to the linearly transformed limit,
then the whole vector converges. This is the multivariate version of “if all shadows match,

the object matches.”

Theorem 2.24 (Cramér-Wold device). Let X,, be a random vector in R? and X
another random vector in R%. Then X,, 4 X if and only if

07X, 367X  forall  c R%

The main reason we are introducing Cramé-Wold is because that marginal limits do
not determine joint limits: knowing what happens to each coordinate separately does not
tell you how they depend on each other. And dependence is basically the entire plot in
multivariate probability.

Fun Facts 2.25 (Survivor’s bias). During WWII, US AAF (Army Air Force) con-
ducted a survey on their planes. They found the planes were more likely to be hit
on the wings and the back. It seems those places are more likely to be hit, so why
don’t we just enhance this part? It turned out the really weak part was the unhit

part: planes hit there did not come back, so you never saw those bullet holes.

Figure 3: Diagram in which red dots stand for places where surviving planes were shot.
This only tells you where planes can get shot and still come back to base. Survivorship bias:

your only information is what has survived.

Nice! Now we have the tools we need and we are ready for CLT.

2.8 Central Limit Theorems

The CLT is the punchline for inference: after the right scaling, averages behave approxi-
mately normal. A mental picture is that the sums of many small-ish independent-ish things

tend to forget their original shape.
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Theorem 2.26 (Lindeberg-Lévy CLT (classical CLT)). If {X;};>1 are i.i.d. with
E[X;] = p and Var (X;) = 02 < 00, and X,, = %Z?:l X;, then

Via(X, — ) 5 N(0,02).

Classical CLT is the cleanest case: i.i.d. + finite variance. But econometrics rarely
hands you i.i.d. on a silver platter. So the natural next question is: what if observations
are not identically distributed? Or what if one observation has a giant variance and tries to
dominate the sum like a main character?

Another CLT is named after Lindeberg and Feller. Here we drop i.i.d. and keep (roughly)

independence + a condition preventing any single term from dominating the sum.

s ~

Theorem 2.27 (Lindeberg-Feller CLT (one standard version)). Let {X;};>1 be in-
dependent with E[X;] = p; and Var (X;) = 02 < co. Let

n

n
2= 07, 200, Sn=) (Xi—m)

i=1 i=1
Assume the Lindeberg condition: for every ¢ > 0,

n

1
2 Z]E[(Xi — 1a)* (|1 X5 — | > 55n):| — 0.
n =1

Then g
2n 4 (0, 1).

Sn

Equivalently,
n
1 (X — g
Zzzl(n 5’ ) d N(O,l)
> ie10;

It is mainly a “no freak accidents” rule. It forces the contribution of large deviations
(relative to s,) to become negligible. So the normalized sum behaves like a sum of many
small contributions, which is exactly when the Gaussian approximation becomes believable.

Finally, the multivariate case. And again because in econometrics your estimator is
usually a vector, and your asymptotic distribution is usually a multivariate normal with
some covariance matrix you then spend weeks estimating. The last CLT we will discuss

here is the multivariate case. The proof is sketched via Cramér—Wold.

Theorem 2.28 (Multivariate CLT (i.i.d. case)). Let Xy,...,X,, € R? be i.i.d. with
EX,] =M, Var (X;) =X (finite covariance matrix).
Let X,, = 23" | X;. Then

T n

VX, - M) % N(0,%).
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Proof. Let
1 n
Zyp:=Vn(X,—-M)=—) (X;—M)eR%.
By the Cramér-Wold device (Theorem ), it suffices to show that for every fixed
6 € R?,
07z, %07z

where Z ~ N(0,X).
Fix 6. Define the scalar i.i.d. variables

Y; =607 (X; — M).
Then E[Y;] = 0 TE[X; — M] = 0, and
Var (Y;) = Var (07 (X; — M)) =620,

which is finite because X is finite.

Now note

n
072, =067 (X; — M) 67 (X; — M)
207 LS XM = LS M = LY
By the univariate CLT (Theorem )7

1 n d
7 ;y 5 N(0,0759).

On the other hand, if Z ~ N(0,X), then 8T Z ~ N(0,07%6). Therefore, for every 6,
0 Z, 5077

By Cramér—Wold, this implies

Z, 57~ N(0,%),

ie. vi(X, — M) -5 N(0,2). O

Fun Facts 2.29 (Triangular distribution). Just so you know: U := U; + U, with
U‘ 8o z d.
like a triangle. Try it yourself!

Unif[0, 1] follows a so-called triangular distribution because the pdf plot looks

2.9 Summary

Let’s take stock before we sprint into regression. Up to this point, we built a little asymptotic
toolkit:

e Convergence in probability (£>): the “location” story. If your estimator converges

in probability to the truth, you get consistency.
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e« Convergence in distribution (&): the “shape” story. This is where inference lives:
test statistics, confidence intervals, and all the things you pretend are exact in finite

samples.

e Continuous mapping + Slutsky: the legal loopholes that let you transform con-
vergences without re-proving everything from scratch. (Yes, this is basically why

asymptotic theory is scalable.)

e LLN and CLT: the two workhorses. LLN explains why averages stabilize; CLT

explains why we get normal approximations and can stop crying.

In econometrics, most estimators are not random variables but vectors (a whole stack
of parameters), and their asymptotic distributions are typically multivariate normal with
some covariance matrix that you then spend weeks estimating (and another week debugging

why it’s not PSD). So the workflow you should keep in mind is:

LLN

. . . CLT + Slutsky
estimator = comnsistency, estimator =

asymptotic normality.
Once you have those two, inference is basically: plug in an estimate of the asymptotic

variance and hope the sample size is “large enough” (whatever that means this week).
OLS is the first place where all of this machinery becomes more than philosophical. As

you might recall from your Econometric I, the OLS estimator is a clean algebraic object:
B=(XTX)"'XTy,

so it’s a perfect testbed for continuous mapping + Slutsky. Moreover, Consistency becomes

a question about whether sample moments converge:

1
“X'XxX5@Q  and XTeto,
n

1
n
which is literally LLN in matrix form. What’s even better is that asymptotic normality

becomes a CLT for sums like

and then Slutsky turns it into a distribution for \/ﬁ(B — B). So yes, OLS will be the next
victim.

As a TLDR, Asymptotics is our way of saying: if n is large, the messy random things
behave like deterministic limits plus a normal fluctuation. OLS is where we can cash that
check for the first time. So next up: we introduce the linear model, define OLS properly, and
then redo the two-step asymptotic routine mentioned above. And yes, we will eventually
talk about standard errors. No, they will not be as innocent as you want them to be.
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3 Ordinary Least Squares

We now cash in the CLT we just earned and spend it on the most overused estimator in
social sciences: ordinary least squares. It is the estimator you run first, defend later, and

then spend the rest of the paper fixing with robust standard errors.

3.1 Setup and notation

Consider the linear regression model
y=XB+e¢,

where y € R", X € R™* 3 € R¥ and ¢ € R®. Write the i-th row of X as x; € RY* and
the i-th component of y as y;. Then the stacked model is equivalent to the observation-level
model

yi:xjﬁ—l—ei, i=1,...,n.

Definition 3.1 (Data arrangement). For n observations and k regressors,
e y € R” is the response vector;
e X € R™** is the regressor matrix;
o the i-th row of X is x;/ (a 1 x k vector);

e the j-th column of X is the n x 1 vector of regressor j across all observations.

Example 3.1 (A simple wage regression). Lety; = In( Wage;) and regressors include

an intercept, education, and experience:

In( Wage,) 1 Edwy Ezxp;
y= : o X= :
In( Wage,,) 1 Edu, Ezp,

FEach row corresponds to one observation.

3.2 Design

The OLS idea is simple: choose 8 to make fitted values X3 as close to y as possible. We
define the degree of ‘closedness’ using the sum of squared errors (SSE)

SSE(B) := |y — XB|* = (y - XB) " (y — XB).

The OLS estimator is

= in SSE .
I¢; arg min (B)
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Expand the quadratic:
SSE(B) =y y-28"X"y+B8'X"X3.

Differentiate w.r.t. 3:
VsSSE(B) = —2X Ty +2X " X3.

The first-order condition gives
X'X3=X"y.

If X has full column rank (so XX is invertible), then

B=X"X)"'XTy.

Fun Facts 3.2 (Useful matrix derivatives). For conformable vectors/matrices (and

symmetric A where needed),
e Viu(a'z)=aq
e V.(2TAx) = (A+ A7)z (in particular, = 2Ax if A is symmetric);

o Vil|z|? =22

3.3 Gauss—Markov assumptions

To talk about statistical properties of ﬁ, we need assumptions. Some assumptions buy
unbiasedness. Others buy the BLUFE badge. And a different set buys asymptotic normality.

(GM1) Linearity. y = X3 +e¢.

(GM2) Full column rank. rank(X) = k (so XX is invertible). This means the data has

enough variation across rows.
(GM3) Zero conditional mean. E[¢ | X] = 0.
(GM4) Homoskedasticity. Var (¢ | X) = o1, for some o2 € (0,0).
A useful way to remember this:

o (GM1-GM3) = OLS is unbiased (and typically consistent under LLN-type condi-
tions).

o Add (GM4) = OLS becomes BLUE.

3.4 Small-sample properties: unbiasedness and BLUE

3.4.1 Unbiasedness

Proposition 3.3 (Unbiasedness of OLS). Assume (GM1)—(GM3). Then

E[B|X]:ﬁ.
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Proof. Using y = X3 + ¢,
B=X"X)"'XTy=8+X"X)"'X"e.
Taking conditional expectation and using E [ | X] = 0 yields E [B | X} =0. O

3.4.2 Variance and the classical formula

Definition 3.2 (Variance—covariance matrix). For a random vector z, define

Var (z) :=E [(z—E[z])(z — E [z])T] .

Proposition 3.4 (Conditional variance of OLS). Assume (GM1)—(GM3). Then
Var (,@ | X) = (XTX)" X Var (¢ | X) X(XTX)".
If in addition (GM4) holds, Var (¢ | X) = o1, then

Var (B | X) —o2(X X)L

Proof. From B — 8 = (XTX)"'XTe, apply Var(4z | X) = AVar(z | X)AT with 4 =
(XTX)"1XT. O

3.4.3 Gauss—Markov theorem (BLUE)

Theorem 3.5 (Gauss-Markov). Assume (GM1)—(GM4). Among all linear unbiased
estimators of 3 of the form B = Cy (where C' may depend on X but not on y), the
OLS estimator ﬁ has the smallest conditional variance in the Loewner order:

Var(mx) —Var(mx) > 0.

Equivalently, 3 is BLUE.

Proof. Let B = Cy be linear and unbiased. Unbiasedness means
E[B\X} —CXB=8 = CX=1I,.

Write
C=(X"X)"'XT+D,  where DX =0

which is always possible because CX = I and (X" X) !X "X = I;. Then
B-B=Ce=(X"X)"'X" +D)e = (3 B) + De.
Under (GM4), Var (¢ | X) = ¢%I,,. Hence

Var (B \ X) =d’CCT = 02((XTX)_1 + DDT)’
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because the cross terms vanish:
X'X)'X'D'=X"X)"HX'™D") = (X"X)"(DX)" =0.
Since DD T > 0, we conclude

Var (B | X) — Var (ﬁ | X) =o’DD' > 0.

3.5 Large-sample properties

Finite-sample results are comforting, but inference in econometrics lives on asymptotics.

The two core questions:
« Consistency: does 8 — B as n — oo?

e Asymptotic normality: does \/ﬁ(ﬁ — ) converge in distribution to a normal law?

3.5.1 Consistency
Assume we have i.i.d. data {(x;,&;)}/, with E[e; | x;] = 0 and finite second moments.
Rewrite

n

B-B=(XTX)'XTe = (%XTX)_1<%XT€) = (%inx?)_l(%ixiei).
i=1

i=1

Theorem 3.6 (Consistency of OLS). Suppose {(x;,&;)}"; are i.i.d. and:
(C1) E [|Ix]]?] < oo and Q :=E [x;x;' ] is positive definite;
(C2) Elei | x;] = 0 and E [¢?] < oo.

Then B LN 3.

One-line proof. By LLN, £ 3" x;x[ 5 Q and Ly xiei LE [x;€;,] = 0. By the continuous

mapping theorem, the inverse converges; multiplying gives B -B 5o. O

3.5.2 Asymptotic normality

Now we ask: how does B fluctuate around B when n is large?
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Theorem 3.7 (Asymptotic normality of OLS (i.i.d. case)). Suppose {(x;,&;)}}, are
iid. and:

(11 [ei | xi] =0;

E
(22) E [¢? | x;] < oo and E [||x;]|%€?] < oo;
Q

(33 :=E [x;x; | is positive definite;

)
)
)
(44) define Q := E [e?x;x] | (finite).

Then

V(B -p) 5 N0, Q'eQ™h).

If additionally Var (¢; | x;) = o2 (homoskedasticity), then Q = ¢2Q and the limit

simplifies to

V(B -B) 5 N0, *Q7Y).

Proof. Start from
. Lot 1/ 1 ot 1 « Nl &
VB8 = (XX) (7XTe) = (o xad) (7 o).
By LLN, %inx—r £ Q. By the multivariate CLT applied to {x;e;} (mean zero by

E [Ei | Xi] = 0),
1 n
Tn ;:1 xiei 5 N(0,9), Q=E[eIx;x/ | .

Slutsky then yields

d _ _
V(B -B) = N0, Q'eQ ™).
Under homoskedasticity, 2 = E [(E [512 | xi} )xixz—»'—] = 02Q, giving the simplified form. O

@ actually allows you to do lots of things. A point estimate B is a number. Inference
is the part where we admit we might be wrong in a quantifiable way.

Once we have

Vn(B — B) ~ N (0, asymptotic VCV),
we unlock:
« Standard errors (square roots of diagonal VCV entries),
» Confidence intervals (estimate + critical value x SE),
o t-tests for single restrictions,
o F / Wald tests for joint restrictions.

In other words: most empirical papers.
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3.6 Summary

In the classical world, Var (¢ | X) = 01, and everything is clean: OLS is unbiased, BLUE,
and its variance formula is pretty enough to put on a mug.

In the real world, Var (¢ | X) is rarely a multiple of the identity. Heteroskedasticity,
serial correlation, and clustering show up like uninvited guests: they do not ruin B as an
estimator of B3 (under exogeneity), but they do ruin the naive standard errors. So next, we
build the toolbox for that: robust covariance estimators, GLS/FGLS ideas, and (eventually)
the moment-based perspective that leads to GMM.
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4 Generalized Least Squares

Up to now, we have been living in the comfortable world of the Gauss—Markov assumptions:
errors are homoskedastic, uncorrelated, and everything falls neatly into place. But life is
rarely that kind.

The basic OLS framework assumes spherical errors (homoskedasticity):

Var (¢ | X) = ¢1,,.

This is the magical identity matrix that guarantees OLS is BLUE. But what if reality
disagrees? What if error variances grow with x;, or if today’s error is correlated with
yesterday’s? In financial returns, medical data, and time series, such “violations” are the
rule, not the exception.

That’s where GLS (as a friend) comes in. Generalized least squares keeps the spirit of
OLS (linear in 3) but relaxes the spherical-error assumption: we give up the simplicity of

0?1, and replace it with a more general covariance matrix €2:
Var (e | X) = Q.

This certainly complicates life. But it also makes this course far less boring. (And if you ever
feel tempted to look down on yourself as a mere statistician or econometrician, remember:
even physicists with their grand thermo-statistics occasionally rely on the same math.)
Once we leave the Gauss—Markov paradise, OLS is no longer efficient, and inference is
trickier. But by exploiting special structures of €2, we can design remedies: robust standard

errors, weighted least squares, feasible GLS, clustered inference, and system GLS.

We begin our journey with the most common departure: heteroskedasticity.

4.1 Diagnosing Heteroskedasticity

The OLS estimator is BLUE under the classical Gauss—Markov assumptions, which include

homoskedasticity and no serial correlation. But life is not always a bed of roses. Take, for

instance, the annual rate of return of a financial asset. Intuition tells us that higher expected

returns usually come with greater risk. In other words, the error variance is not constant:
Var (g; | x;) = o2, with o7 varying in x;.

This phenomenon is called heteroskedasticity. Put differently, the conditional variance is

no longer flat—it bends and twists with the data.

Definition 4.1 (Heteroskedasticity). If Var (g; | x;) = 07 = f(x;) and f is not a
constant function of x;, then we refer to this variation in conditional variance as
heteroskedasticity.

Under heteroskedasticity, OLS remains unbiased (under exogeneity), but it loses efficiency—
a fact we already saw in the proof of Theorem @ Still, before resigning ourselves to this

bad news, it makes sense to check whether heteroskedasticity is actually present.
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A natural (and slightly cheeky) idea is: run your OLS first, grab the squared residuals £,
and then see if they depend on x;. In practice, this means regressing £? on some functions
of regressors and asking whether those variables help predict the error variance. There are
two classic ways to formalize this idea. We introduce the Breusch—Pagan test first.

Algorithm 1 Breusch-Pagan Test
. Input: regressor matrix X € R"** and response vector y € R"

: Propose the null hypothesis Hy: {¢;} are homoskedastic.

: Run OLS under y = X3 + ¢. Obtain residuals é; for i = 1,...,n.

: Compute squared residuals €.

Choose auxiliary regressors z; (often z; = x; or z; = (1,x,) "), and stack them into Z.

Run the auxiliary regression: 2 = a +z; v + u;.

: Obtain R? from the auxiliary regression.

: Compute the LM statistic LM = n - R2.

: Let ¢ be the number of slope regressors in the auxiliary regression (excluding the inter-
cept). Under Hy, LM ~ x2.

10: if p-value < o then

© ® N U W N e

11:  Reject Hy (evidence of heteroskedasticity).
12: else

13:  Fail to reject Hy.

14: end if

The key philosophy of Breusch—Pagan is: if there is no heteroskedasticity, then the aux-
iliary regressors should have no explanatory power for the squared residuals. Equivalently,
under Hy, the slope vector = in

A2 T
g =a+z; v+u

should be “close to zero” in a joint sense. The LM statistic measures how far the score (at
the null) wanders away from zero, and the chi-square distribution is the natural limit for
such quadratic forms.

I should mention that the justifications below are optional. But the formula LM = nR?
confused me when I was taking the course. Anyway, if anyone does feel the same way as |

did, here’s the clean (in a sense that you are familiar with Chapter 8) takeaway
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Fun Facts 4.1. On why LM follows a

Consider the regression model
—— 2
y’i_xiﬂ—’_gia 2—17...,717

with null hypothesis
Hy : Var (g; | X) = o2

Under the alternative, model the variance as
Var (g; | X) = 02 h(z;;d), hzi;0) =14 d12i1 + - - - + dq2iq,

so Hy corresponds to d = 0. Define the log-likelihood contribution
0i(8) :=log f(yi | x:;6),  £(8) =) i(9),

and the score (gradient) w.r.t. §:

o4(8)

S(9) := 25

Under standard regularity conditions, under Hy we have asymptotic normality:
S(0) % N(0,1(0)),

where I(0) is the Fisher information at the null. The LM statistic is the quadratic
form

LM :=8(0)"1(0)~'8(0),

hence
LM — x;.
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Fun Facts 4.2. On why LM = nR? (in the BP construction)
Let €; be OLS residuals. In the BP setup, the score at the null is proportional to

n

S(0) o ¥ zi(¢7 —6%), Pi==) &
=1 =1

The information at the null is proportional to

100) Y 2z =Z'Z.

i=1

Thus the LM statistic has the generic “score—information—score” shape:
2 T 2
LM (ZT(é - &21)) (zTZ)*l(zT(é - &21)),

2:=(£2,...,€2)T. Now consider the auxiliary regression

where &
A2 T
& =a+z; v+ u.
The explained sum of squares can be written as

ESS = (e*=21)Py(e* —21), Pz:=2(2'2)7'Z.

Up to scaling conventions, this is the same quadratic form as the numerator in LM.
Since R? = ESS/TSS and TSS is proportional to né* under Hy, one obtains the
classic simplification

LM =nR?

The philosophy of BP stands naturally: how significant is the dependence between the

squared residuals and some auxiliary regressors z; under a linear auxiliary model? Another

idea would be: instead of claiming the variance is “linear-ish” in regressors, we suspect

it responds to richer nonlinear terms. Then the auxiliary regression changes. We now
introduce the White test.

Algorithm 2 White Test

ot

1: Input: regressor matrix X € R™** and response vector y € R"
2: Null hypothesis Hy: {¢;} are homoskedastic.

3:
4

Run OLS under y = X3 + €. Obtain residuals &;.

: Form auxiliary regressors z; that include (some of) the following: original regressors,

squares, and cross-products.
2

1 . .22 T
: Run auxiliary regression: é; = o +z; v + u;.

6: Compute LM = nR? from the auxiliary regression.

: Let ¢ be the number of auxiliary slope regressors (excluding intercept). Under Hy,

LM ~ X3~

In practice, we sometimes include only squared terms and omit cross products; then ¢
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changes accordingly. (And yes, the test gets less general when you do that—but your finite
sample might thank you.)

4.2 Remedies

So suppose you run the tests, and—unfortunately—they all shout back at you: heteroskedas-
ticity s here! What now?

We know OLS remains unbiased, but we’ve lost efficiency: the usual variance formula
0?(XTX)~! is no longer valid, and we don’t know the true €. Still, inference requires
variances: without them, we can’t construct standard errors, confidence intervals, or tests.

The key idea is therefore: even if we can’t recover €2 exactly, can we estimate Var (B | X)
consistently? If so, we can rescue inference by building robust standard errors (and some-
times regain efficiency through GLS/WLS). That’s what we turn to next.

4.2.1 White’s Robust Standard Errors

The idea behind White’s proposal is simple but powerful: if heteroskedasticity makes the
usual variance formula invalid, estimate the variance directly from the data. This gives us
robust standard errors without specifying the form of Q.

Recall:

Var (B | X) = (XTX)IXTQX(XTX)"!, Q= Var(e | X).

let’s first assume we have heteroskedasticity with conditionally uncorrelated errors (given
X). A common structure is © = diag(c?,...,02). Define the population target

S:=FE [gf xixj] ,
and its sample analogue

1 n
S, ::75 2xx] B s,
n
i=1

Plugging in yields the (HCO) robust covariance estimator:
Var (ﬁ) = (XTX)‘1<Zé? x,—xj)(xTX)—l.
i=1

The diagonal entries (after square roots) are White’s robust standard errors.
Notice: we never assumed a functional form for o7 as a function of regressors. The price
is that this is an asymptotic result: in small samples, it can be noisy. Robust S.E. save

inference, not efficiency.

4.2.2 Weighted Least Squares (WLS)

Another approach is to re-cast the problem into OLS on transformed data. Suppose the
error variance is heteroskedastic but structured:

Var (¢; | x;) = 07 = 0 f(x;),
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where f(x;) > 0 is known (or well-estimated).

Divide the regression equation

vi =% B+e;

by +/f(x;) and define

yl * Xi * 61

yz = ’ Xi = ) Ez =

f(x3) f(x3) f(xi)

Then
vi=x;"B+e,  Var(e] | x}) =0’
which is now homoskedastic.
Stacking the data, the WLS estimator is
Buis = (X WX)'X Wy, W= diag( Lo )
7 fea) 7 f(xn)

By construction, WLS is efficient if f(-) is correctly specified. If not, it can lose efficiency
and distort inference. Two cents for free: Assumption-heavy methods always look great

right before assumptions betray you.

4.3 Generalized Least Squares (GLS)

We now relax the “no serial correlation” assumption, allowing
Var (¢ | X) = 0% ¥,

where W is symmetric positive definite.
If ¥ were known (up to the scale 02), we could transform the model by premultiplying
both sides with ¥~/2;

y =02y X* =0T 2X, = w2

Then
y ' =X"B+¢e", Var (¢* | X) =01,

so OLS on the transformed system yields the GLS estimator:
Bers = (XT®' X)Xy,

If Ele | X] = 0 and ¥ is known (up to scale), GLS is BLUE among linear unbiased
estimators. However, GLS is rarely feasible in practice because it requires knowing W.
Estimating an unrestricted ¥ has w = O(n?) free parameters, which quickly exhausts
degrees of freedom. Thus, GLS is theoretically beautiful, but practically infeasible without
additional structure.

Two pragmatic responses: (i) abandon full efficiency and aim for valid inference via
robust covariance estimation; (ii) impose structure on ¥ and estimate it, leading to feasible

GLS (FGLS).
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4.3.1 Cluster-Robust Standard Errors

Since W is typically unknown and too large to estimate directly, a practical alternative is to
use cluster-robust standard errors. The sample is partitioned into G clusters, within which
errors may be arbitrarily correlated (both heteroskedastic and serially dependent), while
across clusters they are assumed independent.

Let g =1,...,G index clusters, with data (y4,X,). The OLS estimator remains
Bors = (X'X)"'XTy,

but its sampling variance can be consistently estimated by

ia}(ﬁOLS)

Tey—1 S Ta AT T~ey—1
L =(XTX) <gz=1 X, &,8, Xg> (XTX)" 1,
where €, denotes the vector of OLS residuals for cluster g.

Within each cluster we permit arbitrary error dependence, but across clusters we rely on
independence so that cross terms vanish. As the number of clusters grows, this estimator
remains consistent even in the presence of heteroskedasticity and serial correlation. If it
helps, one may view the implied covariance matrix as block diagonal after rearranging the

observations by cluster.

4.3.2 Feasible GLS (FGLS)

While GLS is efficient under correct ¥, it requires knowing W¥. Feasible GLS (FGLS) ad-
dresses this by first estimating ¥ under a parsimonious parametric structure, then applying
GLS using W.

For instance, suppose errors follow a stationary AR(1) correlation:

1 p p2 - pn_l
p 1 e pn_2
v=| 0 p Lo p" P =l < 1
pn—l pn—2 pn—3 1

Estimate p (e.g. from residual autocorrelation), plug into ¥, and compute
. . L -1
Brars = (XT‘I’ X) 'XTw y-

Under correct specification, FGLS is asymptotically more efficient than OLS. If the para-
metric structure is wrong, inference can be unreliable. Here you see the trade-off between
simplicity and practicality again. Cluster methods are assumption-light (consistent under

broad misspecification) but may sacrifice efficiency, while FGLS is assumption-heavy.

4.3.3 Seemingly Unrelated Regression Equations (SURE)

Up to now, our discussion of GLS has focused on a single regression equation. But in many

applications, analyzing one equation in isolation is not enough. Economic relationships
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are intertwined: shocks in one market spill into others, household decisions co-move, and
firm outcomes respond to common shocks. If we estimate equations separately, we ignore
cross-equation correlation and lose efficiency.

This motivates Seemingly Unrelated Regression Equations (SURE). The name
is a bit of a joke: the equations may look “unrelated” (different regressors), but their errors

are linked contemporaneously.

Notation switch (for this subsection). We use N observations (indexed by i) and M

equations (indexed by m).

Fun Facts 4.3 (Almost Ideal Demand System). The AIDS model (yes, economists

are that crazy about acronyms) describes household budget shares of different goods:
X;
Wyg; = Qg + ;VQh 1nphi + Bg In E + Egi-
A shock to household income or preferences shifts spending across multiple goods,

so errors {e4;} are correlated across ¢g. Estimating each share equation separately by
OLS ignores this correlation, while SURE exploits it to gain efficiency.

To analyze such cases systematically, we write the system in matrix form.

Definition 4.2 (System of Equations in Matrix Form). Consider M equations ob-

served for NV individuals:
Ymi = X, B + Emis m=1,...,M, i=1,...,N.

For each m, stack outcomes and regressors:

Ymi x;;rﬂ Em1l
}’m = 9 Xm = ) Em =
YmN X»,TnN EmN
Stack across equations:
X; O 0
€
Y1 0 X, 0 1
y= y X = . , €=
' £
YMm 0 0 X M

In compact form:

y=XB+e, B:=(8{,....8u)" .

We assume, for each individual 1 =1,..., N:

(S1) Linearity. y,,; = x,\;8,, + €mi, with X,,,; non-stochastic or strictly exogenous.
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(S2) Independence across individuals. {(e1;,...,e7)} are independent across i, but
may be correlated across m.

(S3) Contemporaneous correlation. Let €; := (¢14,...,ep) . Then
Ele; | X] =0, Var (g; | X) =X,
where X is M x M positive definite.
(S4) Homoskedasticity across individuals. The same X applies to all i.

Since we are stacking matrices and vectors, you’ll find the following algebraic clarification
very helpful.

Definition 4.3 (Kronecker Product). For matrices A € R™*"™ and B € RP*9, the
Kronecker product is

a11B 0,12B e alnB

ang CLQQB R agnB
AgB=|

amlB amZB o a'mnB

Given this definition, writing the covariance matrix of the new error vector is much
easier.

Proposition 4.4 (Covariance Structure of System Errors). Let € = (e],...,e},)"
be the stacked system error. Under (S2)—(S4),

Var (e | X) = Iy ® X.

Let
Qsyre =1y ® 2.

Premultiplying by Qg,l/;  transforms the system into one with spherical errors:

Ust/ney = Vst/apXB+ Ustfnge,  Var (Uifipe | X) = Luar,

This suggests the system GLS estimator:
Bars = (X QgpppX) ' X Qg ppy.

Of course, 3 (hence Qgpyrg) is unknown. This leads to feasible SURE: estimate X
from equation-by-equation OLS residuals, then plug in.
Run OLS separately for each equation m=1,..., M:

~OLS

o = (X;Xm)_lxl;ymv Em = Ym — Xm/am .

B
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For each observation i, stack residuals:

Estimate the contemporaneous covariance:

1Y 1Y
SN EE Gme= ) Emifu
=1 =1
Construct
Qsvre = InQ® X,

and plug into GLS:
~ ~—1 -~ A —1
Bsure = (XTQSUREX) 1XTQSUREy'

Algorithm 3 Feasible GLS Estimation for SURE

1: Input: system {(ym,, X)}_, with N observations each. CoLs
2: For each m, run OLS and compute residuals &,, =y, — X8,

3: Compute 3 = + Zi\il &:8; .

4: Form QSURE =Iy®3.

5: Output By pp = (XTQEIIJREX)_leQ;IIJREY'

Fun Facts 4.5. If regressors are identical across equations (X; = --- = Xyy),
then SURE coincides with equation-by-equation OLS (no efficiency gain from cross-

equation correlation).

Fun Facts 4.6. Fun fact: Zellner (1962), who introduced SURE, originally described
it as a “generalization of Aitken’s GLS to several equations.” Today, SURE is stan-
dard in demand systems, finance, and macroeconomics, but the acronym remains

one of the most ironic in econometrics.

4.4 Summary

Once Var (e | X) stops being 0I,,, OLS does not collapse—it just loses its main selling

point: efficiency, and the default standard errors become an act of faith.

There are two broad responses. If you only want inference to be valid, use robust/cluster

covariance estimators. If you also want efficiency, you need to model 2 (WLS, GLS, FGLS,

SURE), and then live with the consequences if that model is wrong.

Next we switch to outliers. Covariance misspecification is one way regression misbehaves;

a few extreme points is another, and they can break your conclusions even when you did

everything “right” above.
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5 Outliers

Outliers are observations that do not follow the main pattern in the data. They matter
because least squares is, by design, easy to bully: a small number of extreme points can
materially change the fitted model and the reported standard errors.

Two clarifications up front:

o “Outlier” is not a single phenomenon. There are response outliers (unusual y; given

x;) and design outliers (unusual x;), the latter often showing up as high leverage.

e Normality is not part of the Gauss—Markov conditions. Gauss—Markov gives unbi-
asedness and (under homoskedasticity) efficiency among linear unbiased estimators.
Normality mainly buys you clean finite-sample t/F distributions; without it, large-

sample approximations still often work.

5.1 Detecting Outliers

A first pass is purely visual: look at residual plots and histograms. If the residual distribution
is strongly skewed or heavy-tailed, it is a warning sign that a small number of observations

may be driving the fit (or that the model is simply misspecified).

Normal distribution

Non-normal distribution
better fits the histogram of
the data sample

Figure 4: Skewed residual distribution: a visual warning sign

A more informative diagnostic is the QQ-—plot (Quantile-Quantile plot). The idea
is simple: if the sample comes from a reference distribution (say, Normal), then sample
quantiles should line up with the corresponding theoretical quantiles.

Concretely:
1. Sort the sample: yq) < -+ < y(y)-

2. For each rank i, compute the theoretical quantile g; of the reference distribution. For
Normal, ¢; = &1 (=25).

3. Plot the pairs (g, y;)) (or (gi, £5)) if you are QQ-plotting residuals).
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If the data follow the reference distribution, the points lie roughly on a straight line. A slope
different from 1 typically indicates a scale mismatch (variance differs from the reference),

not necessarily non-normality. Departures from linearity are more diagnostic:
e Heavy tails: points curve away from the line at both ends.
o Skewness: points bend upward/downward systematically.

e Outliers: a few points sit far off the line.
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Figure 5: QQ plots: typical departures from normality

If you insist on a formal test of normality, there are many. The Shapiro—Wilk test is
common in statistics (less common in econometrics lectures), and the Jarque—Bera test is

a workhorse in econometrics.

Algorithm 4 Shapiro-Wilk Test for Normality
1: Input: sample y1,...,Yn.

2: Sort the data: Y1) < S Yn)-

ot _ &—1(i=0.375
3: Compute expected normal order statistics m; = ® (1114_0_25 )
4: Obtain weights a; (pre-tabulated / computed by software).
5: Compute

2
(Z?;l aiy(i)>

W= > (yi — )2

6: Under Hy (normality), W tends to be close to 1; small W indicates departure.

7: Use software to compute the p—value; reject if p < a.

The Jarque—Bera (JB) test targets two specific normality implications: skewness 0

and kurtosis 3.
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Algorithm 5 Jarque-Bera Test for Normality

1:
2:
3:

Input: sample y1,...,Yn.
Compute g and s* = L 31" (y; — )2
Compute sample skewness

$3/2

S

Compute sample kurtosis
n _
K — % i1 (Wi — y)*
S —

Form
n
JB =< (5% + 1(K —3)?).

Under Hy (normality), JB 4 X2(2).
Reject if p < « (or JB > X3, _,,)-

A practical reminder: rejecting normality does not automatically mean “outliers”. It can

also mean model misspecification, heteroskedasticity, or dependence.

5.2 Leverage and Influence

So far we focused on the distribution of residuals. But an observation can have a perfectly

ordinary residual and still matter a lot if it sits in an unusual location in regressor space.

This brings us to leverage and influence.

Definition 5.1 (Leverage). Recall the OLS fitted values. Define H such that:
y=XB8=XX"X)"'X'y=Hy, H:=XX'X)"'X".
The leverage of observation ¢ is the ¢th diagonal element of the hat matrix H:
hi; = Hy;.

It measures how sensitive the fitted value g; is to the observed response vector y.

Observations with unusually large h;; are called high-leverage points.

Since y = Hy, we have

n
Ui = Z hijyj,
j=1

so h;; quantifies how much observation i “helps determine” its own fitted value. One always
has 0 < h;; <1 and Z?:l hi; = tI‘(H) =k.

Closed form in simple regression. In the univariate regression with intercept,

yi = Bo + Prx; + €4,
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the leverage admits the closed form

)2
hi; = L + n(:cl—x)_Q
n Zj:l(xj_m)

Points far from Z therefore have high leverage, even if their residuals are not dramatic.

Definition 5.2 (Cook’s distance). The Cook’s distance of observation ¢ is the
influence diagnostic

1 hii
DZ _ /\2 . 17 ,
k625 (1= hy)?

where k is the number of regressors in X (including the intercept), &; is the OLS

residual, 52 is the usual OLS residual variance estimate, and
hy; = X;F(XTX)ilxi.

Large D; indicates that dropping observation i would noticeably change the fitted
model.

In practice, you typically look at a small set of diagnostics together: (i) large (studentized)
residuals = response outliers, (ii) large leverage h;; = design outliers, (7) large Cook’s

distance D; = influential points.

5.3 Remedies
What to do with outliers depends on why they are there.

o Fix obvious mistakes. If an outlier is due to data-entry error or a clear measurement

failure, correct it if possible; otherwise exclude it with documentation.

o Winsorizing / trimming (with caution). Replacing extreme values by nearby
quantiles can reduce sensitivity, but it also changes the estimand. Use it when it

matches the scientific question, not as a cosmetic filter.

o Robust regression. Methods such as Least Absolute Deviations (LAD) and quantile
regression reduce the influence of extreme observations by changing the loss function

(from squared loss to absolute loss / check loss).

o Model the mechanism. Sometimes “outliers” are the phenomenon (crashes, rare
events, tail risk). Then the right response is not to delete them but to use a model
that takes tails seriously.

The mature version of outlier handling is boring: inspect, justify, document, and check
robustness. The immature version is even more boring: deleting points until the p—values

behave.

Next we turn to endogeneity. While outliers mostly mess with the precision and
stability of our estimates, endogeneity strikes at the heart of unbiasedness, and is often the
most serious obstacle in empirical research. In other words, outliers can make you look

sloppy, but endogeneity can make you confidently wrong.
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6 Endogeneity

So far, OLS has served us faithfully. Under the Gauss—Markov assumptions, it is unbiased,

consistent, and even BLUE. But recall that one crucial assumption was hidden inside GM4:
Ele | X] =0.

This is the so-called “exogeneity” condition. It states that the error term, the part of y
unexplained by regressors, is uncorrelated with the regressors themselves. If this fails, then
the regressor is said to be endogenous, and the Gauss-Markov world collapses. OLS loses

its most precious property: unbiasedness.

s ~

Definition 6.1 (Endogeneity). A regressor x; is called endogenous if it is correlated

with the error term:

E[Ei | Xl‘] 75 0.

Equivalently, exogeneity means E [¢; | x;] = 0.

Why might this correlation arise? The reasons are, unfortunately, plentiful. Sometimes
the disturbance term is serially correlated: today’s error depends on yesterday’s, and re-
gressors inherit this dependence. Sometimes we measure the wrong thing: the true x} is
hidden, and we only observe x; = x} + w; with w; a noisy error, thus contaminating the
regressor. Sometimes we leave out an important control: the “omitted variable” sneaks into
the error term, but is also related to our x;, causing spurious correlation. And sometimes
the relationship is simultaneous: in a supply—demand system, price depends on quantity
and quantity depends on price, so regressor and error are entangled by construction.

Fun Facts 6.1 (Structural Form vs. Reduced Form). In simultaneous equations,
the structural form expresses economic theory directly, with endogenous variables

appearing on both sides. For example, in a supply—demand system:

Q' =ao+ 1P + uq,
Q° = Bo+ 1P+ us,
where both @ (quantity) and P (price) are endogenous.

The reduced form solves these equations to express each endogenous variable as a

function of exogenous variables and disturbances only. For instance,
P = To + 7 1Z + v,

where Z is an exogenous shifter (like weather for agriculture). Reduced forms are
useful for estimation because they purge simultaneity, but they hide the economic

structure that generated them.

No matter the source, the consequence is the same. The OLS estimator is no longer
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unbiased. Recall the expression
Bors = (XTX) Xy = B+ (XTX) "X .
Taking expectations (conditional on X) gives
E [Bos | X| =8+ (XTX) ' X E[ | X].

So the condition E [ | X] = 0 is exactly what makes OLS unbiased. If it fails, the bias term

generally does not vanish, and in large samples the problem usually persists:

N -1
plim By s =B+ (E [Xixj] ) E [x;&4] .
n—oo
so endogeneity typically means inconsistency as well.

This is why endogeneity is not “another mild violation.” It makes the target itself
ambiguous. OLS can be numerically precise while being wrong about the object of interest.

Instrumental Variables What can be done when regressors are endogenous? Econome-
tricians have devised a powerful remedy: the use of instrumental variables (IV). The idea is
to find a variable z; that moves the endogenous regressor x; but is otherwise unrelated to
the outcome except through x;.

Definition 6.2 (Instrument). A variable z; is a valid instrument for an endogenous

regressor x; if it satisfies:

1. Relevance: Cov(z;,x;) # 0 (or, in the multivariate case, rank(E [ZTX]) is

large enough).

2. Exogeneity: E [z;¢;] = 0 (equivalently E [g; | z;] = 0 under mild regularity).

Intuitively: z; supplies “clean” variation in x;—variation that is not contaminated by
whatever made x; endogenous in the first place.

2SLS. A practical way to implement IV in linear models is two-stage least squares
(2SLS): first isolate the component of X explained by instruments, then regress y on that

instrument-predicted component.

Algorithm 6 Two-Stage Least Squares (2SLS)
1: Stage 1: Regress the endogenous regressor X on the instrument(s) Z, obtain the fitted

values X.
2: Stage 2: Regress the outcome Y on X. The slope coeflicient from this regression is the
IV/2SLS estimator.

Formally, letting Py := Z(Z"Z)"'ZT be the projection matrix onto the column space
of Z, the 2SLS estimator is

Bosrs = (XTPzX) ' X Pgy.
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Figure 6: Intuition on 2SLS

To make the discussion less abstract, consider a classic example from labor economics.

Example 6.2. We want to estimate the effect of education on wages. The model is
In(wage;) = Bo + 51 educ; + ;.

But education educ; is endogenous: individuals with high ability may both earn more
and seek more education, so ability enters €; and correlates with educ;.

A clever instrument is distance to college: students who live closer to a college tend
to get more education, but distance itself is arguably uncorrelated with individual
ability or the wage disturbance. Thus distance shifts educ; exogenously, allowing us
to isolate the causal effect of schooling on wages.

A final, slightly uncomfortable point: endogeneity is rarely a “software issue.” It is
a design issue. Omitted variables, measurement error, and simultaneity are not algebraic
quirks; they are reminders that regressions do not automatically become causal just because
the output looks tidy.

In that sense, IV is not a mechanical fix either. It forces you to say what your instrument
is changing, why that change is plausibly as-good-as-random with respect to €, and what
causal object you are willing to interpret the resulting coefficient as. When those arguments
are credible, IV can rescue identification. When they are not, 2SLS is just OLS with extra
steps.
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7 Generalized Method of Moments

Up to now, our trajectory has been: asymptotics - OLS — GLS — outliers — endogeneity
(fixing the moment condition itself via instruments).

In that last step, instrumental variables (IV) reframed estimation as a problem of
enforcing orthogonality restrictions: at the true parameter, certain functions of the data
should have mean zero. OLS can be read the same way. The point is that they are all doing
the same conceptual thing: they pick parameters so that sample analogs of some population
restrictions are approximately satisfied.

The Generalized Method of Moments (GMM) makes this perspective explicit and
systematic. Rather than committing to a full likelihood, we assume only that a collection
of population moment conditions holds at the true parameter value, and we estimate by
matching their sample counterparts as closely as possible. The weighting logic you saw in
GLS will reappear here: different moment conditions can be more or less informative, and
GMM lets us weight them accordingly.

7.1 Setup and Notation

Consider an i.i.d. sample {(y;,x;,&;)}Y ;, where y; € R is the dependent variable, x; € R¥
is a K x 1 vector of regressors, and €, € RM is an M x 1 vector of instruments. Let 3 € R¥
be the parameter of interest. We translate zero-mean and exogeneity-type assumptions

into a set of moment conditions.

Definition 7.1 (Moment Conditions: Exogeneity). Let ¥;(8) € RM denote the

moment function for observation %:

¥i(B) =& (v — %/ B).

The population moment condition is

E [4:(8o)] =0,

where 3, is the true parameter value.

The condition E[¢;(8,)] = 0 says that, at the true parameter, the instruments &,
are orthogonal (in expectation) to the structural error y; — x| 3,. This is the population
counterpart of the familiar exogeneity restriction E[€,e;] = 0 under the structural model

Yi :X;rﬁo+5i~

Example 7.1 (Connecting Back to OLS and IV). If M = K and &, = x;, then the
moment condition E [xl(yl — x;'—,BO)] = 0 yields the OLS normal equations (under
exogeneity). If instead &, contains valid instruments distinct from x;, we obtain the
classical IV setup.
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Sample analog. The population expectation is not observable, so we replace it with its

sample analog:
S S if} v~ B).
N ~ ! N ~

When the model is just identified (M = K) and the relevant rank condition holds, we

can (in principle) solve the K equations
Un(B) =0

for 3. When M > K, the model is overidentified: there are more moment conditions than
parameters, so in general there is no 3 that makes all sample moments exactly zero. In that
case, GMM will choose ,3 that makes ¢y (8) “as close to zero as possible” in a weighted
least-squares sense (formalized in the next subsection). Finally, if M < K, the model is

underidentified: there is insufficient information to recover 3 uniquely.

Definition 7.2 (Identification in GMM). The parameter G, is identified if the
mapping B — E [1;(8)] is injective at By, i.e.

E[pi(B)] =0 = B=0,.

Identification ensures that the population moment conditions uniquely determine the true

parameter. Without it, even perfect data would not reveal 3.

Fun Facts 7.2. Some notations indexing the notion of ‘sizes’:
o K =dim(8): dimension of the parameter vector,
o M =dim(¢;(8)) = dim(¢;): number of moment conditions,

e M = K: just identified, M > K: overidentified, M < K: underidentified.

Example 7.3 (Just-identified IV). Suppose we have one endogenous regressorx; € R

and one valid instrument §; € R, so M = K = 1. The moment condition

E [&i(y: —xibo)] =

identifies By as long as E [€,x;] # 0. In this case, the estimator is obtained by solving

the sample analog:

N N

A Zi:l &y
E Yy, —x;8) =0, = = ===
i=1 6 ’ Zi\il §iXi
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Example 7.4 (Over-identified IV). Now suppose we have two instruments &;;, €s;
but still only one endogenous regressor x;, so M = 2 and K = 1. The two population

restrictions

E &1 (yi —xiBo)] =0, E [€5; (i —%ifo)] =0

need not be simultaneously satisfied by any single B at the sample level. So instead
of insisting on Y (B) = 0, we choose B that makes the vector of sample moments as

small as possible.

The idea of GMM is therefore simple: if we can describe the population with a set of
moment conditions E [¢;(3)] = 0, then a consistent estimator of B, can be obtained by
matching their sample analogs as closely as possible. All the heavy machinery of GMM
— weighting matrices, asymptotic variances, and efficiency — will arise naturally from this

goal.

7.2 The GMM Objective Function

To formalize this, define the sample average of the moment function:
_ 1
Un(B) =5 D_vi(B).
i=1

When M > K, ¢n(8) € RM*! will generally not equal 0 for any 3. We therefore measure
the “distance” of ¢y (B) from zero using a quadratic form.

Definition 7.3 (GMM Objective Function). Let Wy € RM*M he symmetric and
positive definite. The GMM objective function is

QN (B) = UNn(B) "Wy N (B).

The GMM estimator is
Ban = arg min Qn(B).

Intuitively, Qn(3) measures how well the moment conditions are satisfied at G. If
M = K and the system admits a unique solution to 1 (83) = 0, then minimizing Qn(3)
(with any Wy > 0) reproduces that solution. If M > K, the weighting matrix Wy

determines which moments we treat as more important.

Setting W = I, treats all moments equally. That sounds democratic, but it is not
always smart: some moments are precise, others are noisy troublemakers. Equal weights
say: “I trust every instrument equally, including the one that clearly partied all night before
the exam.” When moment conditions differ in reliability, weighting is how GMM avoids

wasting information.
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Example 7.5 (Unequal moment reliability). Suppose we have two instruments, &,
and &5;, both exogenous but with different relevance. If &, is strongly correlated with
x; while &,; is only weakly correlated, then the first moment condition is typically
more informative. Weighting them equally is like giving equal importance to an honest

survey and to a coin flip. A better W v puts more weight on the informative moment.

7.3 Optimal 8

Enough justifying the existence of W . For now, take this matrix as given. The natural
next question is: which 8 minimizes the loss Qn(3)? This is a straight calculus exercise.
Recall

Qn(B) = ¥n(B)TWavn(8), oy (B) e RM*L Wy e RM*XM,

Let

denote the Jacobian of 1y (3) with respect to 3. Differentiating the quadratic form gives

VeQn(B) =2 (VB@N(ﬂ))TWNiﬁN(ﬁ)-

Hence the F.O.C (full of crap, if you like)) for B is

(Voin(B)) Waiin(B) = 0 € RF.

In words: at the minimizer, the sample moments are orthogonal (under the metric induced
by W) to the directions in which the moments change with 3. This generalizes the normal
equations in OLS and the orthogonality condition in IV.

To make the structure explicit, write the Jacobian as the average of per—observation
contributions:

_ 1 &
Vadn(8) = 5 3 Vavi(8),
i=1

so the F.O.C. can be expanded as
1 & o NT AR
(szﬁwi(ﬂ)) WN(NZW(IB)) =0.
i=1 i=1

7.4 Optimal Weighting Matrix Wy

We argued informally that not all moments are created equal: some are stable and infor-
mative, others are noisy and fickle. The weighting matrix should reflect that. Heuristically:
moments with smaller variance (higher “precision”) should have more influence in the cri-
terion. We now make this precise.
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Proposition 7.6 (Efficient (optimal) weighting). Among quadratic GMM criteria

of the form

Qn(B) = ¢n(B) CYn(B),

the choice of weights that delivers the smallest large—sample variance for ,@ is (up to

proportionality)

C xS S :=E[w(B)vi(By)]-
Since E [1;(8y)] = 0, S is also the covariance matrix of the moment vector at the
truth:

S = Cov(1i(By))-

In particular, if the moments are uncorrelated and scalar—valued, this reduces to

“weight each moment by the inverse of its variance.”

Fun Facts 7.7 (Digress: Why symmetry is WLOG). Let W € RM*M he any
(not necessarily symmetric) weighting matrix and let g € R™ be any vector (e.g.,

g = ¥n(B)). Decompose W into its symmetric and skew-symmetric parts:
W=W,+W,, W;=iW+W'), W,=J(W-W").
Then W] = W, and W] = —W,. Moreover,
9'Wg=9"Wg+9"Wag, 9" Wag=(9"Wag)' =9g" W g=—g Wy,
so g' W,g = 0 and therefore
9'Wg=9"Wy.

Conclusion: the quadratic criterion depends only on the symmetric part of W. So

we may assume the weighting matrix is symmetric without loss of generality.

Rather than proving Proposition @ in full generality immediately, we start with a concrete

two—moment setup that shows the geometry without extra notation.

7.4.1 A two—moment compromise.

Suppose K = 1 (one scalar parameter) and M = 2 (two valid moment conditions). Write

the two sample mean moments as

. NGO
i me(e)] N

XN —0
Yy —0

] ) ]E["L/)J(eo)]:o, j:1727
and consider the weighted criterion

Qv(0) = [hix(@) dax@)] | "

1/_111\7(9)]
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Ci2 C22
write out the loss function:

c c
withC = [ ! 12) being the weighting matrix symmetric positive definite. Then we can

Yy —6
= Cll(XN — 9)2 + (612 + 621)(XN — 9)(?}\[ — 9) + CQQ(YN — 9)2

C21  C22

N () Cin(0) = (X —6) (Y —0)] [011 e

XN_G}

Taking derivative with respect to 6 helps us find the optimal @ first:

QN (0)
00

= 2611(9 — XN) + (012 + 621)(29 — XN — ?N) + 2022(0 — )71\/) =0

Rearrange we have

C12 + C21
2

C12 + C21

)0 — XN) + (ca2 + 5

(c11 + )(0 - Yn)

We claim that C is positive definite and symmetric, and hence the expression above reduce
to
c11 + Ci2

220, Civg

Now we will show that the choice of C may coincide’ with the inverse of the CVC of the

(c11 4+ ¢c12)(0 — Xn) + (o2 + c21)(0 — Yiv) = 0 = AXn + (1 = M)V, A =

moment vector 1y (). Having derived the expression of @, we can calculate the variance:
Var (9) = \2Var (Xy) + (1 — \)2Var (V) + 20(1 — \) Cov(X, Vi)

An optimal weighting matrix should achieve the minimal variance (recall what we did in
proving OLS to be BLUE under GM assumptions!). Again taking derivative with respect
to A gives

JVar (é) - - o
= 2A\Var (XN) —2(1 - M)Var (YN) +2(1 = 2X) Cov(Xn, Yn)
Rearranging get

Var (Yy) — Cov(Xy, Yn) __cirten

~ Var (XN) + Var (YN) —2Cov(Xn,Yn) Z” Cij

*

One can then match ¢i; = Var (Yy), co2 = Var (Xy) and c12 = ¢21 = — Cov(Xn, Yy) to

get the same expression of A*. So now we can rewrite our C matrix as

Var (YN) - COV(XN, YN)

C= SR -
—Cov(Xn, Yn) Var (XN)
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Wait! Did we see this somewhere before? Yes! This is the inverse of the VCV matrix (up
to a constant det [Var (¢ (6)) |)! The VCV of ¢y (6) is

>:

and the inverse is just switching diagonals and negating the off-diagonals. This two—moment

XN

Yy

Var (XN) COV(XN,YN)
COV(XN, YN) Var (YN)

Var (¢ (6)) = Var (

compromise is exactly the geometry behind the general claim: the efficient choice is C

S~L. In short: trust precise moments, discount noisy (and redundant) ones.

The intuition is consistent with common sense:

o If all moments are equally noisy (S = cI,s), then S~ o< Ij; — equal weights.

o If one moment is far more stable than the others, S~! upweights it automatically.
This is the GMM counterpart of GLS: just as GLS uses Q7! to weight residuals with unequal
variances, efficient GMM uses S™! to weight moments with unequal reliability.

7.4.2 Estimating Optimal Wy.

In practice we do not know S: it involves the unknown (3,. A standard procedure is as
follow.

Algorithm 7 Two-Step GMM

1: Start with a simple choice, often WE\?) = I, to obtain an initial consistent estimator

~(0)
B .

~ (0
2: Estimate the moment covariance using ﬂ( ):

~(0)

1 N
- Z 2T A
S = N i=1 wzwz ’ Y; = 1’[}7('8 )’

and set the updated weight to Wy =81
3: Re—estimate 3 using Wy to obtain the efficient two-step GMM estimator.

This refinement makes the final estimator behave as if we had known the optimal S
from the start, achieving the lowest possible asymptotic variance among (regular) GMM

estimators.

7.5 Instrumental Variables and 2SLS as GMM

We now return to the instrumental variables (IV) framework and show that the familiar
two—stage least squares (2SLS) estimator arises naturally as a special case of GMM. This

perspective will be useful when we later discuss efficiency and overidentification.

Consider the linear model
Y = X;'r Bo + €is
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where some components of x; may be endogenous. Let &, denote an M x 1 vector of

instruments satisfying the exogeneity condition
E[g;e]=0.
The IV assumptions can be written in the GMM form using the moment function
Vi(B) =& (yi —x/B),  E[i(By)] =0.

The corresponding sample average moment is
1N

Un(B) =5 D& —x/B).
i=1

Equivalently, stack the instruments row—wise into 2 € RV*M (with ith row 5:), and collect

outcomes and regressors into y € RY and X € RVXX, Then

In(B) = 5Ty - XB)

Consequently, given a positive definite weighting matrix Wy € RM*M ' we can define
the GMM objective function

Qn(B) = ¥n(B)"Wxin(B),
and the GMM estimator solves
BGMM = arg mﬁin Qn(B).
Using the stacked form of ¢ (3), the criterion can be written as

Ly —XB)TEWNE (y - X0).

QN(/B) = ﬁ

(The factor 1/N? is irrelevant for the minimizer, but let’s keep the notation honest.)

If we choose (we will justify this choice below)
Wy=E"8)",
then minimizing Qn(3) yields the closed—form solution
Beun = (X'EETE)ETX) X'EEE)'ETY,
which is exactly the two—stage least squares estimator:
Basrs = Bamwm-

Why choose Wy = (E'E)~'? This particular choice of weighting matrix is not arbi-
trary. Recall that the optimal GMM weight is proportional to the inverse variance of the
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moment vector:
W o Var (i(8)) " -

In the linear IV setting,

GilBo) = &5, Var(vi(By) = E €8] ).

If we impose the simplifying assumption that the structural error is conditionally ho-
moskedastic,
E [612 | 61] = 023
then
Var (4:(80)) = o°E [.€] | .

Up to the irrelevant scalar o2, the optimal weight is therefore
-1
W x E[¢g]]
Replacing the population expectation with its sample analog yields

1 -1
wy = (LE'E) ='=)!,
N N o ( )
and proportionality does not change the minimizer of Qn(3).

Hence, two—stage least squares can be viewed as a GMM estimator that adopts a simple
plug—in approximation to the optimal weighting matrix under homoskedasticity. More gen-
eral forms of heteroskedasticity require different choices of Wy, leading to efficient GMM

estimators.

7.6 Finite-sample Bias and Consistency of 2SLS

Since we are talking about 2SLS already (and never formally before in this note!), we might
as well pause for a second to ask about some properties 2SLS estimator as what we did for
OLS estimators. 2SLS is generally not unbiased in finite samples, but it is consistent under
standard IV conditions.

Let P := E2(E"E)"'2" denote the projection matrix onto the column span of =. The

2SLS estimator can be written compactly as
Basps = (X PeX) ' X Pey.
Under the structural model y = X3, + €, we have the decomposition

BZSLS - B = (XTP£X)71XTP£€- (1)

Proposition 7.8 (Finite-sample unbiasedness fails for 2SLS ). In general, the two—

stage least squares estimator is not unbiased in finite samples.
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Proof. Write the structural equation and reduced form in matrix notation:
y =XB, +¢, X=EA+TU,

where 2 is the N x M instrument matrix, A is an M x K reduced-form coefficient matrix,

and U collects the reduced-form errors. Endogeneity means that, in general, Cov(U,e) # 0

(equivalently, at the observation level, Cov(ux,e;) # 0 for at least one regressor component
Let

~

[1]

(!:Tl:)—l!:—r
be the projection matrix onto span(Z). The first-stage fitted regressors are
X = PX.

Using the reduced form X = EA 4 U and the idempotence property P:E = =, we obtain

X =F((EA+U)=EA+ PU. (2)

Thus the fitted regressors inherit a projected version of the first-stage error, P¢U.

In the second stage we regress y on X by OLS. Finite-sample unbiasedness of this second-
stage OLS would require the regressor matrix X to be orthogonal to the structural error,
ie. E [XTE} = 0. But by (1),

COV(X, g) = Cov(EA + P:U, ¢€) = Cov(PU,e),

since E is nonrandom conditional on itself and Cov(2EA, €) = 0 under instrument exogeneity.
Under endogeneity, Cov(U,e) # 0, and in general projecting U onto span(Z) does not

eliminate its finite-sample correlation with e; hence typically
Cov(PeU,€) # 0.

Therefore the second-stage OLS orthogonality condition fails in finite samples, and 2SLS is
generally biased. O

Heuristically, the fitted regressor still carries the endogenous component u, only projected
onto the instrument space; projection does not eliminate correlation with ¢ in finite samples.

So, validity of instruments, E [¢;e;] = 0, only guarantees that the population moments are
correct. It does not imply finite-sample unbiasedness of a ratio estimator such as IV /2SLS.
The right takeaway is: 2SLS can be biased in finite samples but asymptotically unbiased
under standard conditions.

This is not the end of the world, of course. We’ve seen precedents of sacrificing finite-
sample unbiasedness in exchange for good large-sample behavior (the Bessel correction for
sample variance is a familiar example). And the good news is that despite the finite sample
bias, ﬁgsLS remains consistency as long as we have large enough sample. In particular, as
the sample size N grows, [‘5’2 1.5 converges in probability to 3.
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Proposition 7.9 (Consistency of 2SLS). Consider the linear model y = X3, + €
with instruments E. Suppose:

(i) (IV validity) E [¢,e] = 0.
(ii) (Finite nonsingular limits) As N — oo,

e Ba Y e B Yl ho
[ [ i

where all limiting VCVs has finite metrics (norms, for instance)

(iii) (Sample moment convergence)
S5 ¢l 5o
N - v '

Then BasLs — Bo.

Proof. Write the 2SLS estimator in its closed form:

Substitute y = X3, + € to obtain
Bosrs — By = (XTE(ET-E)_lETX)_
Divide by N to match the sample moments:
ﬁ2$’LS —Bo =

(LEre)(rsee) (e [(F e (b oee) (h e

By assumption, + >, 2 &; 5 Cand Ly €Ty 5A so +XT2 — AT. Hence by
Slutsky’s Theorem, the difference converges to

[CB'A]7'[CB7'l0=0

where §,e; is a M x 1 vector. So is 0. O

Fun Facts 7.10 (Reminder: sizes K and M). Let K = dim(S) be the number of ex-
planatory variables in the structural equation (including endogenous and exogenous
regressors). Let M = dim(¢;) be the number of instruments / moment conditions.
Then M = K corresponds to just identification, while M > K corresponds to overi-
dentification.
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7.7 Simultaneous Equation Systems and System GMM

We now move beyond single-equation models and consider simultaneous equation systems
(SES), where endogeneity arises not only from omitted variables, but from the joint de-
termination of multiple outcomes. This is a common setup in economics (e.g., general
equilibrium): variables that look like “regressors” in one equation are endogenous objects

determined elsewhere in the system.

7.7.1 An Economic Example: Supply and Demand

What does simultaneity mean? In short, in an equation system, the regressors in one equa-
tion might be responses in other equations. Hence the notion of simultaneity is hallucination
in a one-equation system.

A canonical setting in which simultaneous equation systems arise is a simple supply and

demand model. Suppose a market is described by the two equations

Demand: Q¢ = ag + a1 P; + uj,
Supply:  QF = Bo + B1P; + v,

where P; is the market price, @); is the traded quantity, and w;, v; are unobserved demand

and supply shocks. Market clearing imposes the equilibrium condition
Qf=Q; = Q.

In equilibrium, both P; and @; are determined jointly by the two equations. Solving the
system yields
P = mo + miu; + mov, Qi = po + pru; + pavi,

for some constants (7, p;). As a result, the endogenous variable P; is mechanically corre-
lated with both structural errors u; and v;.

This source of endogeneity is fundamentally different from the omitted—variable problem.
Even if all relevant covariates were observed and included, the equilibrium price P; would

still depend on unobserved shocks through the market—clearing condition. Formally,
Cov(P;,u;) #0 and Cov(P;,v;) # 0,

so ordinary least squares applied to either equation is inconsistent.

To identify the structural parameters, we require variables that shift one equation with-
out directly affecting the other. For example, weather conditions or input costs may shift
supply but not demand, while income shifters may affect demand but not supply. These

variables serve as instruments that restore exogeneity once simultaneity is accounted for.

7.7.2 System setup

Suppose we observe G equations indexed by g = 1,...,G, and N i.i.d. observations indexed
by i =1,...,N. Each equation takes the form

ygi:x;iﬂg—'_ggh g:17"’7G7
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where x4 may include endogenous regressors due to simultaneity across equations.

Stacking equations for a given observation 4, define

Y1i €14
yi = s & =
YaGi €Gi
Let X; denote the corresponding block—diagonal regressor matrix, and let 8 = (ﬁlT, ceey Bg)—r

collect all parameters.
For each equation g, let £ ; denote a vector of instruments. Collecting instruments across

equations yields a stacked instrument vector &;.

Geometric Configurations of Simultaneous Equations

Match the systems of linear equations to their gecometric configuration.

A: Three planes meetin a B: Three planes meetin a C:Three planes meetina
point sheaf prism

D: Two parallel planes E: Two identical planes and F: Two identical planes
meet one in two lines one parallel meetoneinaline
G: Three parallel planes H: Three identical planes
Consistent Inconsistent

A[B/F[H| [CID[EIG

Figure 7: A geometric intuition for SESs. A is a SES with a unique solution. B,F H are SESs
with infinite many solutions. C,D,E,G are inconsistent equation systems, i.e. no solutions.
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The system IV assumptions imply the moment restrictions
E [5162] = 07

or equivalently,

E [4i(By)] =0, i(B) =& (yi — XiP).

7.7.3 Validity Conditions in SESs

Before discussing identification, estimation, or efficiency, we must first ensure that the si-
multaneous equation system and the proposed instrumental variables define a well-posed
econometric problem. In other words, prior to any optimization or asymptotic analysis, the
setup itself must be internally consistent and meaningful.

In simultaneous equation systems, we use the term walidity to describe precisely this
requirement. Specifically, validity holds when the proposed instruments generate moment
conditions that are correct (exogeneity), informative (relevance), and sufficient to iden-
tify the structural parameters, as ensured by the order and rank conditions (typically im-

plemented through exclusion restrictions).

(1) Order condition.  For each equation g, let K, denote the number of regressors and

M, the number of instruments. A necessary condition for estimation is
My > K,

so that the number of moment conditions is at least as large as the number of unknown

coefficients (just— or over—identified).

(2) Rank condition. Instruments must generate enough independent variation for
identification. A common population version is that the M, x K, matrix E [ﬁgix;} has full

column rank K.

(3) Exogeneity. Instrument exogeneity requires
E [fgl- sgi] =0 for each g,
or equivalently (stacked across equations) E [€; g;] = 0.

(4) Relevance. Instruments must be informative about the endogenous regressors. In
population terms, this requires a non-degeneracy condition such as
rank(IE [ -xT] ) =K,

gigi

(or E [ ;mgl} # 0 in the scalar case). Without relevance, the parameters are not identified.

(5) Exclusion restrictions.  Finally, identification relies on exclusion restrictions: some

instruments affect one equation but do not enter others except through endogenous variables.
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These restrictions provide the economic content that distinguishes structural systems from

reduced-form correlations.
Wm& exoraems
11| = Pp(r%l\' xll +t Tu(.W;)zT €|
A TR
x\(/ /
‘12—= ﬁ;fi;_ ‘- 1 Tal L/f it

~ -

Call => wmean it  (omsation )

Figure 8: Exclusion. Black direct causations are allowed and red are prohibited. Otherwise,
instruments are identical across equations, so the system can behave like everything is driven
by a common cause &, giving little leverage to disentangle 3, vs B, (weak/failed system

identification unless extra restrictions add separation).

7.7.4 Estimation under Homoskedasticity

We now turn to estimation of simultaneous equation systems under a set of simplifying
variance assumptions. These assumptions allow us to derive a concrete form for the optimal
weighting matrix and to connect system GMM directly to familiar estimators.

We begin with the benchmark case in which the structural errors are homoskedastic and

uncorrelated across equations. Specifically, assume
Var (¢; | §;) = 0°1g,

so that each equation has the same error variance and there is no cross—equation error

correlation. Equivalently,

Cov(epis€qi | §) =0 for p # q.

These assumptions are strong, but they allow us to isolate the role of instrument variation
without additional complications from system-wide heteroskedasticity.
Recall that the optimal GMM weighting matrix is proportional to the inverse of the
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variance of the moment function:

W oc Var (14(8y)) "

Under the homoskedasticity assumption,
wi(ﬂo) = §;&i, Var (%(50)) =E [&E [Eié'iT ‘ 51'] fj} =o’E [515:} .
Up to the scalar o2, the optimal weight is therefore
-1
W x E[¢g]]

Replacing the population expectation with its sample analog yields the empirical weighting

matrix

[1]

Whr = (

N -1
Ty — T
E)7' = (Zéigi ) )
i=1
where E stacks {¢;}Y; in the usual way.

With this choice of weighting matrix, the system GMM estimator becomes

1

Bscarnr = (XEETE)'ETX) X EEE)'Ey.

This estimator coincides with the system two—stage least squares estimator, and reduces to
equation—by—equation 2SLS when the system structure is ignored.

Under homoskedasticity and no cross—equation correlation, we recover exactly the 2SLS
GMM estimator. System GMM does not exploit additional efficiency gains from joint esti-
mation. In this case, system estimation is essentially an extension of the normal equations
for 2SLS to the stacked system setting.

7.7.5 Estimation under General Error Covariance

We now relax the homoskedastic benchmark and allow the structural errors to have a general
cross—equation covariance matrix.

Assume that for each observation 4,
Var(e; | €) = %,

where 3 is a G x G positive definite matrix.

For each equation g, instrument exogeneity implies
E [ggi 5gi] =0.
Stacking across equations, write the system orthogonality restriction as
E[§ e] =0,

where &; collects all instruments at observation i and €; = (e1,...,eq:) -
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Define the equation—wise sample moments

N
M,
Q/JgN . Z ygz - ) eR
and stack them into the system moment vector

¢1N(/6) G
YN (B) = : eRM,  M:=> M,
Yan(B) 9=t

Equivalently, in compact matrix form,

Under the maintained variance assumption,
Var (\/quN(ﬁO)) -—Q, Q=K [gzg}] e RM*M
In finite samples, a convenient sample analogue is
Qy = ]1VE (ZRINE,  QycRM*XM
Hence, in the overidentified case, we estimate 8 by minimizing
Qn(B) = ¥n(B) Wryn(8), Wi = 0.
The efficient GMM logic suggests choosing
Wi o Var (VR Un(80)
so under the generalized covariance structure we take
1 -1
Wy =03 = (FET(ZeIvE)
The first-order condition VgQn (B) = 0 yields the closed form
Bsaun = (XTEWNEX) XTEWNEy.
Using y = X8, + €, we can also write
Bsanm = Bo + (XTEWNETX) 'XTEWNE e,

7.7.6 Feasible estimation via two—step weighting.

The practical complication is that ¥ (hence W) is unknown. A standard feasible procedure

is:
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Algorithm 8 Feasible two—step System GMM (unknown )
Require: Data {(y;, X;,&;)} Y ;; initial weight Wg\(,)) =1y

1: Compute an initial consistent estimator

~(0)

p = argmin v (8) W yn (8).

2: For i =1,..., N, form residuals

(0
€; :}’i*Xzﬂ( !

3: Use {&;})¥, to construct an estimator 3, then set
. e -1
Wy = (7 =TS IN)E) .

4: Re-estimate

B = arg rrgn v (B)TWnyn (B).

5: return 3

7.7.7 Properties of System GMM

The formula is ugly, yes. Fortunately, we do not need to love it; we only need to understand
its behavior. We therefore study the usual trilogy: finite-sample bias, consistency, and

asymptotic normality.

Recall that the (linear) system GMM estimator can be written as

BSGMM =By + (XTEWNETX)i

where € = (g7, ..., 51—'\—,)—'— stacks the system errors, and W is a positive definite weighting

matrix.

Finite-sample unbiasedness. In finite samples, system GMM is not unbiased in general.
The key point is subtle but familiar from single-equation IV.
Although we impose the moment condition

E [ng Egi] =0,
this does not imply (only the inverse direction holds via LIE)
E [597; | égz] = 0

As a result, the matrix (XTEWNETX)_1 is correlated with the term X TEWNE '€ in
finite samples. Hence E B samm | # Bo in general. This mirrors the finite-sample bias of
2SLS: orthogonality of instruments and errors does not eliminate the correlation induced by

projection and matrix inversion.
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Consistency. Despite finite-sample bias, Z‘] sam o is consistent under standard regularity
conditions.

Write

[

Bscan = Bo + [(%XTE>WN(% TX)] _1(%XTE>WN(lETE).

Under the maintained assumptions,

P

X225 A, WyLw,

[

1
N
we obtain
Z']SGMM 5 Bo-
Thus, system GMM consistently recovers the structural parameters as the sample size grows,

even though finite-sample bias remains.

Asymptotic normality. By a multivariate CLT,

_un(teT) o Ly
VN U (By) = VN (& e) = v e D NO.0),
where
Q := Var (§,&;) .
Let

A :=plim %XTE.
A standard linearization of the GMM first—order condition yields
VN(Bscarar — Bo) = (AWAT) ' AW VN ¢y (8B,) + 0,(1).
Therefore,
VNBsaun — Bo) > N(m (AWAT)*lAWQWAT(AWAT)*l).

If the optimal weighting is used, i.e. W o< 27! (and we take W = Q! for simplicity), the
asymptotic variance simplifies to
(AQTAT)L,

7.8 Three—-Stage Least Squares (3SLS)

Three-Stage Least Squares (3SLS) combines system-wide instrumental variables with fea-
sible generalized least squares, exploiting both endogenous regressor structure and cross—

equation error correlation.
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Algorithm 9 Three-Stage Least Squares (3SLS)

1: Input: data {(y;, X;, Z;)},; system specification; instrument matrix .

2: Stage 1 (First-stage projection): compute

3: Stage 2 (Estimate system error covariance): obtain a preliminary estimate (e.g.

equation-by-equation 2SLS using X), form residuals &;, and estimate
1 XN
5= P
i=1

4: Stage 3 (Feasible GLS on the system): compute

- S S 1\l & _
Bssrs = XTEeIy)'X) X'(Zaly) 'y

5. Output: Big, -

Here’s what we are actually doing. First and foremost, let the reduced—form for the
stacked endogenous regressors be
X =E6 +u,

where E collects all instruments used in the system. The first—stage estimator is
s=E"E)'2'X, X=gE'E)'2'X

We further make the following assumptions on covariances: let &, = (e14,...,€q4)
denote the vector of structural errors. Assume

Ogh, l:j7

Cov(egi,en; | B) =
T o i

so that
Var (g; | B;) = X, Var () = X @ Iy.

So we can apply GLS to the system equation
y =XB+e,
with covariance matrix ¥ ® Iy, yields the 3SLS estimator
Bisrs = (X (ZeIy) X)X (Sely)ly.
Substituting the first—stage fitted regressors gives the operational form
Bisrs = (X (EIy) X)X (Sely)ly.
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Explicitly, you can write it as

Bisis =By + (X (2oL X)X (el e

As you might recall, the analyses of unbiasedness and consistency both hinges on the

behavior of the term .

NXT(E—l @ Iy)e.

Since X = PzX and Pz depends on Z, it is natural to first analyze the simpler object that

carries the exogeneity:

Zajz—lei. (4)

Finite-sample bias. Even if the population orthogonality restriction E [E;&;] = 0 holds,

3SLS is typically not unbiased in finite samples. The reason is the same “generated regressor”

issue as in 2SLS: the GLS score term uses X, and X is constructed from the same sample.
Write Q := ¥ ® Iy. By definition,

Basrs = (XTQ%X)AXTQAY’ y=XpB+e.
Substituting y gives the decomposition
Busss — By = (XT07X) X0t
Taking conditional expectations given E,
E [ﬁms | E} =B, < E |:<XTQ_1X)_1XTQ_IE ‘ E} —0.
A sufficient (but not necessary) condition for the right-hand side to be zero would be
E [XTQ% | E} —0,

but this typically fails in finite samples because X depends on the endogenous components
of X.
Indeed, X = P=X with

P

[1]

(ETE)—I!:!T

(=T

m

and the reduced form for the regressors can be written as X = 2§ + U, where U contains

the endogenous variation. Hence

X =P=X=24 +P=U.
Plugging this into the score term yields
X' le=(286)Q e + (PgU) Qe

The first term has conditional mean zero under instrument exogeneity. The second term

is the problem: PgU is a random function of the same sample and is generally correlated
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with &, so in finite samples
E[(P=U)'Q e | E] #0,

and therefore E {Bs SIS | E] # (B, in general. Intuitively, projecting X onto instruments
does not remove the sampling noise coming from U; it only reshapes it, and GLS then

mixes errors across equations via Q7.

Consistency. Under standard LLN conditions,

1
=T — P =Ts—
— /2l BE|E 2.
N ¢ ! v ¢
i=1
Hence a sufficient condition for consistency is

E [EZT zflel} —0. (5)

To see what (E) really requires, we analyze it in a simple two-equation setup. Consider
G = 2 and suppose the instrument vector is equation-specific, e.g.

= .
—_ =14 €14 011 012
‘:i = — y Ei = s 2 = .
=24 €2 021 022

Then

Now compute the “mixed” error:
Sle, = w11€1; + W12€2; .
W21€1; + W22€E2
Therefore, for equation 1’s instruments, the moment implied by (B) contains
E [E1i (wi161i + wi2e2;)] = 0.
Even if single-equation exogeneity holds,
E [EMEM] =0,
this is not enough when w5 # 0, because we also need
E [EMEQZ'] = 0
Symmetrically, equation 2 requires both E [Eg;e9;] = 0 and E [Eg;61;] = 0 when way # 0.
Because 7! generally has nonzero off-diagonal entries, the GLS step in 3SLS forms linear
combinations of errors across equations. As a result, to force the key term (H) to have mean

zero, it is not sufficient to assume only equation-by-equation exogeneity. Instead, we need
the system exogeneity requirement:

E[Zgieni] =0 for all pairs (g, h),
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i.e., all instruments must be exogenous with respect to all structural errors in all equations.

7.9 Testing Moment Conditions

Once estimation is complete, we still need to ask whether the moment restrictions we im-

posed are actually compatible with the data. Recall the system moment conditions

E [¢i(By)] =0, Vi(B) =§; (Yi - Xzﬂ),

where dim(t;) = M and dim(3) = K. When M > K, the model is overidentified. We use

the extra moments to construct specification tests.

7.9.1 Hansen’s J—test.

Recall the GMM objective function
1 N
Qn(B) =Un(B) Crun(B).  un(B) =+ D wi(B).
i=1

Let B denote the efficient GMM estimator using the optimal weighting matrix Cp, and
define

The Hansen J-statistic is

Under the null hypothesis
Hy: E[vi(By)]=0 (all moment conditions are valid),

we have the asymptotic distribution

d 2
J = Xu_k-

A small J indicates that the moment conditions are mutually consistent with the data.
A large J implies that at least one moment condition is violated, though the test does not

reveal which one.

7.9.2 The C—test.

Often we are interested in testing only a subset of instruments. Partition the moment vector

w(a)
¢ = <¢(b)> 3

where 9(®) are baseline moments and ¥(*) are additional moments to be tested.

as

Let Qg{}“ denote the GMM criterion using all moments, and Q?{“}“ the criterion using only
(@), Define the C-statistic

¢ =N (@ - Q).
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Under the null hypothesis
Hy: E[v{(8)] =0,
we have

d
C = Xdimw®)-

The chi-square limit arises because: (i) the GMM objective is quadratic in sample
moments; (ii) the optimal weighting matrix satisfies Cy ~ Var(v/Nvy)~'; and (iii) ¢y =
O,(N~1/2), 50 scaling by N yields a non-degenerate limit.

7.10 Summary

GMM is what you do when you refuse to write down a full likelihood but still want an

estimator with a straight face. You assume some moment conditions

E[¢i(Bo)] = 0,

replace expectations by sample averages,
1
wwzﬁzw@,
i—
and pick B to make 1 (83) “as close to zero as possible” in a weighted quadratic sense:

QAN(B) =¥Nn(B)TWx YN (), Wy = 0.

Identification.
o M<K: underidentified (good luck),
o M=K: just identified (no tests),

o M>K: overidentified (now you can test your life choices).

Weights. Wy decides which moments get taken seriously when they disagree. Efficiency
says the “right” choice is

W x S, S :=E [(Bo)¢i(Bo) "] ,

- (0
so in practice you do two—step GMM: start with something lazy (often I,), get ﬁ( ), estimate
S, set Wy = S’l, re—estimate.

IV/2SLS are just GMM in a trench coat. Linear IV uses ¢;(8) = &,(y; — %, B).
With homoskedasticity, choosing Wy = (ETE)_1 reproduces 2SLS. Systems just stack

everything and make the covariance uglier.

Finite samples vs. asymptotics. No, it’s generally not unbiased in finite samples. Yes,

it’s consistent under standard validity + relevance conditions. Life continues.
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Testing (the payoff of M > K). Hansen’s J—test uses
oy d
J:=NQn(B) = Xl _xk

under valid moments. If J is large, at least one moment is lying; the test just won’t tell you
which one. The C—test lets you blame a subset.

Anyway, GMM got us a lot while committing to very little: just a handful of moment
restrictions. MLE now takes the opposite bargain: specify a full parametric model for the
data and optimize the likelihood. When that model is right, the payoff is sharp efficiency
statements (via scores and Fisher information); when it’s wrong, at least the failure is

systematic.
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8 Maximum Likelihood Estimation

In the previous chapter, we approached estimation through moment conditions. OLS, IV,
and their generalization via the Generalized Method of Moments (GMM) all rely
on a common idea: identify parameters by enforcing orthogonality restrictions that should
hold in the population, without committing to a full probabilistic model of the data. This is
appealing—one can do quite a lot while knowing remarkably little about the data-generating

process.

Maximum Likelihood Estimation (MLE) takes the opposite stance. Instead of
asking for just a few moments to behave, MLE demands a complete parametric description
of the data-generating process and then asks a blunt question: under which parameter
values would the observed data be most likely? When the model is correctly specified, this
extra commitment pays off —MLE uses all available information and delivers sharp notions
of score, Fisher information, and efficiency. When the model is wrong, of course, it pays off
differently. In this chapter, we develop the basic principles of MLE, illustrate them through

simple examples, and study the resulting large-sample properties.

8.1 A Binomial Example

We begin with a simple example that illustrates the core idea of maximum likelihood esti-
mation in its most transparent form. (For this example we write the sample size as n, in

the usual binomial notation; later in the chapter we revert to N.)

Suppose Xi,...,X,, are i.i.d. Bernoulli random variables with success probability p €
(0,1):
X; ~ Bernoulli(p), i=1,...,n.
Equivalently, >-" | X; ~ Binomial(n, p).

Given an observed sample (X1, ..., X,,), the likelihood function is the joint pmf evaluated

at the realized data, viewed as a function of p:

n

Lip) = [[pX (1 —p)' =¥ = p=im X (1 — p)n =i X,
i=1

It is worth keeping the perspective straight: after we observe the data, L(p) is not a proba-
bility distribution over p; it is a criterion for comparing which values of p make the observed

sample most plausible under the model.
Taking logs,
U(p) =log L(p) = > _ X;logp + (n -> X7:> log(1 — p).
i=1 i=1
Differentiate with respect to p to obtain the score:

9l(p) _ 2 i Xi _n- > Xi
dp D 1-p
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Setting the score equal to zero gives

Z?:l Xi _n- Z?:l Xi
P 1-p

)

and solving for p yields the MLE

1 n

=1
Thus, in the Bernoulli model, maximum likelihood estimation reproduces the sample
mean. This is a recurring theme: in simple models, MLE often recovers familiar estimators,
while in more complex settings it provides a systematic way to build and analyze estimators

from a fully specified probabilistic model.

8.2 Principles of MLE
8.2.1 Likelihood and Log-Likelihood

We now formalize the problem setup. Let Xi,..., Xy denote a random sample taking
values in a sample space Qﬂ Suppose the joint distribution of the sample is indexed by an

unknown parameter § € © C R¥.

Notation convention (total vs. average log-likelihood). It is often useful to dis-

tinguish the total log-likelihood from its average:

1

Ln(0) = fxi,oxn (X1s- oo, XN 0), In(0) =log Ly (), Ln(0) = NeN(e)-

Maximizing £ () or Ly (6) yields the same maximizer, but asymptotic arguments are typ-

ically written in terms of the average objective Ly (0).

Definition 8.1 (Likelihood Function). Given (Xj,..., Xy) s

hood function is defined as a mapping

Fx(6), the likeli-

ENZ@-)R+,

given by the joint density /pmf of the observed sample evaluated at the realized data,
viewed as a function of 6:

N
LN(O0) = fxy,xn X1y, Xni 0) = [ [ Fx(X50).

=1

It is important to emphasize that, once the data are observed, Ly (6) is not a probabil-
ity distribution over #. Rather, it is a numerical device for comparing how well different

parameter values explain the realized sample under the maintained model.

1In the binomial example we used n in the usual binomial notation; throughout the rest of this chapter
we use N for the sample size.
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Definition 8.2 (Log-Likelihood Function). The log-likelihood function is

N
Un(6) =log Ly (0) = log fx(Xi;0),

(=il

and the corresponding average log-likelihood is Ly (0) = ¢n(6)/N.

Maximizing the likelihood and maximizing the log-likelihood are equivalent, since the
logarithm is strictly increasing. The log-likelihood replaces products with sums and greatly

simplifies computation and analysis, so it is the standard object in likelihood-based inference.

At this point, estimation may look like a straightforward optimization routine: specify
a model, write down a likelihood, maximize. However, before asking whether a likelihood
can be maximized, we must ask whether different parameter values actually correspond to
different distributions of the observable data. This leads to the notion of identification.

8.2.2 Identification

At a conceptual level, identification asks a simple question: do different parameter values
generate different distributions of the observed data? If not, then no amount of data, nor

clever optimization, can distinguish between them.

Definition 8.3 (Identification). The parameter 6y € © is said to be (point) identified
if

fx(50) = fx(;6p) as. = 0 =0p.
In words: distinct parameter values must induce distinct distributions for a single

draw X (and hence, under i.i.d. sampling, for the full sample).

We assume identifiability of our model in this chapter by default. If a model is not
identified, the likelihood may be flat or have multiple maximizers, and the notion of a
unique maximum likelihood estimator breaks down. In such cases, likelihood methods can

at best recover an equivalence class of observationally indistinguishable parameters.

A canonical example arises in latent variable models. Consider a latent regression
yr =x, B+, gi ~ N(0,0%),
where the latent variable y; is not observed. Instead, we observe only
yi = Hy; > 0}.

Then ]
Pr(ys = 1) = Pries > -x/ ) = #( 22 )

where ®(-) denotes the standard normal CDF (standard context). The right-hand side
depends on (3, 0) only through the ratio 3/0. As a result, (3, 0) is not uniquely identified:
scaling both parameters by the same positive constant leaves the distribution of the observed
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data unchanged. Identification can be restored only by imposing a normalization, such as

fixing 0 = 1 (equivalently, fixing the scale of the latent index).

8.2.3 Score Function and Hessian

With the likelihood defined and identification clarified, we can now characterize the MLE
through standard optimization conditions. Since asymptotic arguments are typically written

in terms of the average objective, we define derivatives for Ly (0) = £x(6)/N.

Definition 8.4 (Score Function). The (average) score function is the gradient of the

average log-likelihood:

N
sw() = 22O _ L5 v p(xs0).

The score is a random k x 1 vector, as it depends on the realized sample. An interior
maximizer 0 of Ly (#) must satisfy the first-order condition

Sn(0) =0,

commonly called the score equation. In general, this equation need not admit a closed-form

solution, and the MLE is often obtained numerically.

First-order conditions alone do not guarantee that a solution corresponds to a maximum.

To characterize local curvature, we introduce the second derivative.

Definition 8.5 (Hessian). The Hessian matriz of the average log-likelihood is

O%L (0
i (6) = Gy

A candidate solution 6 satisfying the score equation is a local maximizer if HN(é) is
negative definite. This second-order condition ensures the objective is locally concave around
0.

8.2.4 Invariance of the MLE

Before moving on to probabilistic properties of the MLE, it is useful to address a basic con-
ceptual question: how does maximum likelihood behave under reparameterization? In em-
pirical work, the same model is often expressed in different but equivalent parameterizations—
for example, variance versus precision, scale versus log-scale, or structural parameters versus
transformed quantities of interest. A reasonable estimator should not depend on how we

choose to label the parameter.

One appealing feature of maximum likelihood estimation is a strong invariance property:
estimating first and transforming later yields the same result as transforming first and

estimating directly.
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Theorem 8.1 (Invariance of the MLE). Let 6 € © be the original parameter, and
let 7 = g(#) be a reparameterization, where g : @ — H is a one-to-one mapping. If
0 is the maximum likelihood estimator of 0, then the MLE of 7 is

i = g(6).

Proof. Under the reparameterization, the likelihood as a function of 1 can be written as

L% (n) =LY(g™ (n)).

Since g is one-to-one, maximizing £} (1) over 7 is equivalent to maximizing L% (6) over 6.
Therefore, if § maximizes £4(6), then 7 = g(#) maximizes L7 (). O

The takeaway is simple: for any one-to-one transformation g, the MLE of g(0) is obtained
by plugging the MLE of 6 into g. Below is a standard example showing the equivalence of
parameterizing a Gaussian likelihood using variance or precision.

Example 8.2 (Variance and Precision Parameterizations). Consider a Gaussian
model

i.i.d.

Xl,"'aXN " ./\/(/L,Oj)’

where the parameter of interest is the variance o > 0. An equivalent parameteriza-
tion replaces variance by precision
1
_2.

Y
o

Under the variance parameterization, the log-likelihood is

N
N 1
bl o) = =5 Tog(2no?) = 523 (X

Alternatively, expressed in terms of (u,7y), it becomes

7 < N
(1, 7y) = = logv 5 Z — 5 log(2m).

Mazximizing either expression yields the same estimator for the underlying quantity.
If 62 denotes the MLE of o, then the MLE of the precision parameter is

’?257

in accordance with invariance.

8.3 Asymptotics of Score Vectors and Fisher Information

Up to this point, the score and the Hessian were treated as finite-sample, data-dependent

objects that characterize the maximizer of the likelihood. To conduct inference, however, we
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must understand their probabilistic behavior under the true data-generating process. This
leads naturally to studying expectations and variances of likelihood derivatives, and to the
concept of Fisher information.

Throughout this subsection, let the per-observation score be

0
Si(0) = %log fx (X33 0),

and recall that we defined the average score and Hessian as derivatives of the average log-

likelihood Ly (0) = & SN log fx (X;;0):

N 2
sw(0) = 220 - LS 50, w0y = ZEND - LS )
i=1 i=

where H;(0) = 05, log fx (X;;6).

We begin with a basic but fundamental property of the score.

Theorem 8.3 (Mean of score vectors). Suppose regularity conditions hold so that
differentiation under the integral sign is valid at 6y (e.g., Leibniz’ rule applies and
boundary terms vanish) E Then

E [S:(60)] = 0, and hence  E[Sn(6o)] = 0.

%For instance, in a one-dimensional continuous-support case with support [A(0), B(0)], one suffi-
cient condition is A’(6p) = B’(6p) = 0 together with integrability conditions that justify exchanging
differentiation and integration.

Proof. We prove the per-observation statement and then use linearity to pass to Sy.

By definition,

BI500)) = [ oo x(w:0)]_ Fxaiboda

= 1 Ofx (x;0) .
= / fx(z;60) 00 ‘azeofx(m,eo)dx

_ / afx(xgﬁ)‘
ol 0=0,

dx.

Since [ fx(x;0)dx =1 for all 0, regularity conditions imply we may differentiate under
the integral sign at 6g:

/afxgg;o) ‘9:90 duv = %/fx(x;ﬁ) dx‘e:eo - %(1)‘0:90 =0

Therefore E [S;(6p)] = 0.

Finally,
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This result implies that, although the score is random, it is centered at zero when
evaluated at the true parameter. Its variability therefore captures how sensitive the log-
likelihood is to local perturbations of 6.

Definition 8.6 (Fisher Information). The Fisher information for one observation is
Z(6) = Var ( Si(0) ) =E [S:(0)S:(0) "],

where the second equality uses E [S;(f)] = 0 under the same regularity conditions.

For the sample average score,

1
Var ( Sy (#) ) = Var < Z S (6 ) =~ Z(0) under i.i.d. sampling.

(Equivalently, for the total score sz\; S;(0), the variance is N Z(6).)

Under the same regularity conditions, Fisher information admits an equivalent represen-
tation in terms of the curvature of the log-likelihood.

Proposition 8.4 (Information equality). Under regularity conditions,

Z(00) = —E[H:(60o)] and hence  Z(6y) = —E [Hn(6o)] .

Proof. Since E[S;(0)] = 0 for all 6 in a neighborhood of 6y (under the same regularity

conditions), differentiate both sides with respect to #T and then evaluate at y:

0
0= 5=E[Si(0)]|

0=0,
Regularity allows exchanging differentiation and expectation, so

0
0=E |:39TSZ(9):| ‘0:60 + E [Sz(eo)SZ(QO)T} .

The first term is E [H;(6p)] and the second term is Z(6y), hence
E[H;(60)] +Z(0o) =0

which gives Z(6y) = —E [H;(6p)]. Averaging over ¢ yields —E [Hx(60)] = Z(6o). O

As a result, Fisher information plays a dual role: it measures (i) how sharply the like-
lihood is peaked around the true parameter and (ii) how much information the data carry
about 6y. These properties of the score and Fisher information form the foundation of
likelihood-based inference. In particular, they will determine the asymptotic distribution of

the MLE and its variance, which we study next.

78



8.4 Asymptotics of MLE

We now study the large-sample behavior of the maximum likelihood estimator. The key
insight underlying essentially all asymptotic results is that the MLE maximizes a sample
objective function that converges to a deterministic population criterion. As N grows, the
behavior of the estimator is governed by (i) the geometry of the population objective and (ii)
stochastic fluctuations of the sample objective around it. We begin with a heuristic route
to consistency to see what assumptions are needed, and then make the argument rigorous

using the extremum (M-) estimator framework.

8.4.1 A heuristic route to consistency

Our goal is to show On 2 6y. In general, the MLE has no closed-form solution, so we define

it as the maximizer of the average log-likelihood:
N
0 L (6) L (9)=l21 Ix (X5 0)
v € argmax Ly (0), N ~ N og fx (Xi;0).

By definition of 0, we have the one-sided inequality

Ln(On) > Ly(6o).

To obtain the reverse inequality “in the limit,” we compare the population (expected)
log-likelihoods. Define

Q(0) = E [log fx (X;0)],

where the expectation E [-] is taken under the true distribution indexed by 6y.

Consider the log-likelihood ratio log f ;((XX,Z))). By Jensen’s inequality,

E {log M] < logle [jm} .

Moreover,

P (X50) ] _ [ fx(@if) o
E{fx(Xﬂo)} = fx(l‘;eo)fX( i6o)d /fX( :60)d 1,

so we obtain
Q(0) = Eflog fx(X;0)] < E[log fx(X;600)] = Qo).

Equivalently,

Q6h) — Q(6) = E [log fX(“)} >0,

fx(X;0)
which is the (expected) log-likelihood gap.

To conclude that 6y is the unique maximizer of Q(6), we need an identification condition.
Intuitively, this requires that different parameter values correspond to genuinely different
data-generating distributions. Under such an assumption, equality Q(0) = Q(6p) can only
occur when 6 = 6y (equivalently, when fx(-;0) = fx(-;600) almost surely). Without iden-
tification, the population objective cannot single out the true parameter, and consistency
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cannot be expected.
Next, since Ly(f) is an average of i.i.d. log-likelihood contributions, it is natural to

expect that for each fixed 6,

N
Ln(0) = %Zlog fx(X::0) =~ Ellog fx(X;60)] = Q(6) for large N.

=1

For this approximation to be useful for locating the maximizer, however, it must hold
uniformly over § € ©. A uniform law of large numbers ensures that the entire sample
log-likelihood surface is close to its population counterpart. Without uniform convergence,
pointwise convergence alone may still allow the maximizer of Ly(6) to drift with N, pre-
venting stabilization near 6.

Putting these pieces together: if (i) Q(#) has a unique maximizer at 6y and (ii) Ly (0)

converges uniformly to Q(6), then heuristically

Ly(On) ~ Q(Ox) < Q(60) ~ Ly (o).
Combined with LN(éN) > Ln(6p), this suggests that f must concentrate near 0o, i.e.
on 2 0.
We now make this argument fully rigorous by treating MLE as a special case of an

extremum (M-) estimator and invoking an argmax consistency theorem.

8.4.2 Consistency of M-Estimators

We formalize the consistency argument using the framework of M-estimators. Let Qn(0)

denote a sample objective function of the form

N
1
QN(Q) = N Zq(xiv 0)7
=1
where ¢(-,0) is a measurable criterion function. The corresponding population objective is

Q"(0) =Elq(X,0)],

where the expectation is taken under the true data-generating process indexed by 6y. In
the MLE case,

q(X,0) =log fx(X;0), so  Q"(0)=Ellog fx(X;0)].
An M-estimator is defined as
On € argrgleaécQN(Q).

Assumptions for consistency. To formalize the proof, we impose the following condi-

tions.

(A1) Compactness. The parameter space © is compact.
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(A2) Uniform convergence in probability.

sup |Qn (0) — Q*(0)| = 0.
6cO

(A3) Continuity. Q*(0) is continuous on ©.

(A4) Existence of a maximizer. There exists 6, € © such that
0 *(6).
0 € argmax ()

(A5) Identification (unique global maximizer).

Q"(60) > Q*(9) Vo # 0.

Theorem 8.5 (Consistency of M-estimators). Under Assumptions (A1)—(A5),

On 2 0,.

Proof. Fix n > 0 and define the complement of an 7-ball around 6:
B, = {0 €0: d0,6y) > n},

where d is any metric on ©. By (A1), By is compact; by (A3), Q" is continuous. Therefore

Q" attains a maximum over By; let
0, € *(6).
y € arg 3233’562 ()
By uniqueness in (A5), én # 6y and hence

Ay =Q*(60) — Q% (6,) > 0. (1)

Now consider the event

By (A2), Pr(Ex(n)) - 1.
On En(n) we have, first,

Combining (1)—(3),

P>
P>
o
P>

~ A
sup Qn(8) < Q" (B)+ 5 = Q" (80) Ay + 52 = Q" (B0) - 5% < Q() - 5 < Qw o)
e85



Thus, on Ex(n), every 0 € By yields a strictly smaller sample objective than 6y, so any
maximizer fy € arg maxe Qy(0) must satisfy Oy ¢ By, ie. d(On,00) <.
Therefore,
Pr(d(fy,00) <n) > Pr(én(n)) — 1.

Since n > 0 was arbitrary, O 25 6,. O

In the case of maximum likelihood estimation, Qn(0) = L (0) with ¢(X, ) = log fx (X;0).
Identification corresponds to strict maximization of the expected log-likelihood (heuristically
justified earlier via Jensen’s inequality). Uniform convergence follows from a uniform law of
large numbers under standard regularity conditions. Thus, consistency of the MLE follows

as a special case of the general M-estimator consistency theorem.

8.4.3 Asymptotic Normality

We now study the limiting distribution of the MLE. Throughout this section, assume oy &
0o has already been established, and that 6y lies in the interior of © so that first-order
conditions apply without constraints.

Recall the average score and Hessian (derivatives of Ly ):

oL 1 & 9L
S () = N —NZ H(60) = %gm = ZH

where )

0 0
S;(0) = % log fx (Xi;0), Hi(0) = Wlogfx(&-;ﬁ)-

2If © imposes constraints and 6 lies on the boundary, one needs a constrained optimization/KKT version
of the argument.
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Theorem 8.6 (Asymptotic normality of the MLE). Suppose {X;}¥ | are i.i.d. with
density fx(-;0), and let

N
A 1
On € arggleaé(LN<9)a Ly(0) = N glong(Xﬁe)'
Assume:
(i) (Consistency) Oy 2 6.

(ii) (Smoothness) Ly (0) is twice continuously differentiable in a neighborhood of
0o (with probability approaching one).

(iii) (Score regularity)
E [S:(60)] =0, Var (S;(6p)) = Z(0o),
with Z(6p) finite and nonsingular.
(iv) (Hessian convergence)
—Hn (O) 2 Z(6o)
for any sequence éN L5 6,.

Then
VN (On — 60) % N (0, Z(60)7Y) .

Proof. By the first-order condition for an interior maximizer,
Sn(fn) = 0.

Apply the mean value theorem to the map 6 — Sy () along the line segment joining 6y and
0. Then there exists a random intermediate point 6 on this segment such that

Sn(0n) = Sn(60) = Hu (0n) (O — 00).
Using Sy (Ax) = 0, we obtain
VN (O = ) = = [ M (0w)] T VN Sn(60). (1)
Since E [S;(6p)] = 0 and Var (S:(60)) = Z(6),
VN S (60) = jﬁési(ao) 4 A0, T(0)) . )
By consistency, Oy 2 6. By Assumption (iv),
~Hn(On) L Z(6o).
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Since Z(6p) is nonsingular, matrix inversion is continuous in a neighborhood of Z(6y), so

—[HN(éN)] "2 7(00) L 3)

Combine (1), (2), and (3) and apply Slutsky’s theorem:
VN (Ox — o) 4 N (0, Z(60) " "Z(0)Z(60) ") = N(0, Z(6)") .
O

Under correct specification and standard regularity conditions, the MLE is asymptoti-
cally normal with covariance matrix Z(6)~!/N. Equivalently, Z(6p) measures local curva-
ture of the population log-likelihood and therefore the amount of information in the data
about 6.

8.5 Likelihood-based Inference

So far we have treated MLE primarily as an estimator. This subsection is about what
you actually do with it: standard errors, confidence intervals, and hypothesis tests that are
likelihood-based (or at least likelihood-adjacent).

8.5.1 Standard errors from (observed) information

Under correct specification and regularity conditions,
VN(@y —60) & N0, Z(6)71),

so asymptotically
A 1
Var (9N) ~ - Z(00) 7"

A practical plug-in estimator replaces Z(6p) with an estimate of Fisher information.

Definition 8.7 (Observed information and plug-in covariance). The observed infor-
mation is

820 (0) ‘
90007 lo=in’

>

JN( N)E—

Equivalently, in average form — Hy (Ay) = Jy(On)/N. A standard covariance esti-

mator is 1

Var(dy) = [—HN(GAN)]A = {JN(QAN)]%.

In words: the likelihood is locally quadratic near the maximizer; the curvature (information)

tells you how sharp that peak is; sharper peak = smaller standard errors.
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8.5.2 Three classical tests: Wald, likelihood ratio, and score

We now consider testing restrictions on 6. Let the null impose ¢ restrictions through a
smooth map r : © — R%:

Ho : r(90) = O, H1 : ’f‘(@o) 7é 0,

and write R(0) = or()/007.
Let

On € arg rgleaécﬁN(G), On € arg eeer:n?(}é)ﬂ In(0)

denote the unrestricted and restricted MLEs.

Wald test. Wald uses the idea: “estimate first, then see how far the estimate violates the
null” Under Hy,

-1

WNENr@N)T[R(éN)\’/Z{r(éN)R(éN)T} r(fn) 5 2

Likelihood ratio (LR) test. LR compares how much log-likelihood you lose by forcing
the null to hold:

LRy =2(¢x(0n) — tn(By)) S X2 (Ho).

Equivalently, using averages,
LRy = 2N (Ln(0n) — Ln(0n)).

Score (LM) test. Score tests the null by checking whether the score wants to “push you
away” from the restricted fit:

LMy = Uy (@) [In(00)] " Un(Bx) % o3 (Ho)

where Un(0) = 0pln(0) and Jy(0) is information (observed, or expected if you prefer).
Under Hy, the score vanishes at the unrestricted maximizer, not necessarily at the restricted

one; that mismatch is the whole point.

8.5.3 Likelihood-based confidence intervals and regions

Wald-type confidence region. From asymptotic normality, an approximate (1 — «)
confidence region is

A — -1 ~
CWald — {9 €0 N~ 0n)T[Var(dw)] (0 bn) < xi,la} .
Likelihood ratio confidence region. A likelihood-based alternative is

et = {00 2(tn(in) ~ tn(9) < xE1a} -

This is attractive because it is invariant to reparameterization (it depends only on likelihood

values) and often behaves better when the likelihood is asymmetric.
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Profile likelihood for one component. Suppose 6 = (1, A) where ® is a scalar param-

eter of interest and A\ is nuisance. Define the profile log-likelihood
() = max Ly (1, N).
Then an approximate (1 — «) confidence interval for v is

{20 (.3 - () <331 a}-

This is the likelihood version of “optimize out the nuisance and only then do inference.”

8.6 Summary

This chapter treated maximum likelihood estimation as the moment-method’s more de-
manding cousin: instead of asking for a few orthogonality conditions, MLE asks you to fully

specify a parametric model and then live with the consequences.

Here’s what we’ve wrestled with:

« Likelihood vs. probability. £y (0) (and ¢x(6)) is the joint density of the observed
sample viewed as a function of 8. Once data are realized, it is not a distribution over

6.

o Identification first, optimization second. If distinct 6 generate the same distri-
bution of observables, the likelihood cannot distinguish them. No optimizer can fix
that.

e Local geometry. The score Sy(f) and Hessian Hy(#) encode local slope and cur-
vature:

Sn(On) =0, Hy(0n) <0 (interior maximum).

e Information. Under regularity conditions, the score is centered at zero at the truth

and Fisher information measures its variability:

Z(0o) = E [S;(60)S:(60) '] = —E [Hs(60)] -

o Asymptotics. Consistency is an extremum-estimator story (uniform convergence +

unique population maximizer). Asymptotic normality is a Taylor expansion story:
VN (O — 60) % N(0,Z(6)7Y).

Information = curvature = (asymptotic) precision.

o Inference. Wald, LR, and score tests are three ways to say the same thing asymp-

totically (they disagree only when N is not yet pretending to be infinite).

Everything above is cleanest under correct specification. When the model is wrong, the

MLE typically targets a pseudo-true parameter and the variance becomes a sandwich.
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9 Binary Choice Models

In many empirical settings, the outcome of interest is binary: someone works or does not,
a loan defaults or survives, a policy is adopted or ignored. When y; only takes values in
{0,1}, modeling the conditional mean is no longer just a matter of fitting a regression line,

but more about understanding how covariates shift the probability of an event.

Binary choice models tackle this problem head-on. We start with the Linear Probability
Model (LPM), which is blunt, linear, and unapologetically simple. It does a surprisingly
decent job at describing probabilities and remains popular largely because it is easy to
estimate and easy to interpret. But its simplicity comes at a cost. To see what goes
wrong(and how we fix it) we then move to nonlinear probability models, namely Probit
and Logit, which keep predicted probabilities in check and admit a clean latent-variable
interpretation grounded in economic decision-making. Along the way, we study estimation
by maximum likelihood, marginal effects, inference, and hypothesis testing, before closing
with a discussion of endogeneity in binary choice models and a full-information likelihood

approach.

9.1 Linear Probability Model

Let y; € {0,1} denote a binary outcome and x; a k x 1 vector of covariates. The Linear
Probability Model (LPM) specifies the conditional expectation of y; as a linear function of
Xi:

Ely: | x:] =x/ 8.

Since y; is binary, this conditional mean coincides with the conditional probability
Efyi [ xi] =Pr(yi =1]xi).
Equivalently, the model can be written as
yi =% B+ei,
where the error term satisfies

Ele | xi] =0, e =yi—X%; B

A distinctive feature of the LPM is that the conditional variance of the error term is

inherently heteroskedastic:

Var (¢; | x;) = Var (y; | x;)
=E [y} | xi] —E[yi | x)”
=Pr(yi =1|x;) —Pr(y; = 1| x;)?
=x; B - (x{B)?
= X;I—B(l — x?ﬁ).

Thus, even under correct specification of the conditional mean, homoskedasticity fails by
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construction.

Despite its limitations, the LPM has several attractive features:

e Linear specification. Estimation and interpretation are straightforward. Each co-
efficient 8 measures the marginal effect of x;; on the probability Pr(y; =1 | x;).

e Compatibility with IV methods. When regressors are endogenous, the model can

be estimated using linear instrumental variables techniques such as 2SLS.

At the same time, the linear specification does not constrain x;r A3 to lie in the unit
interval [0, 1], so fitted values may fail to correspond to valid probabilities. This motivates

the nonlinear probability models that follow.

9.2 Probit and Logit Models

The main problem with the Linear Probability Model is not subtle: nothing in E [y; | x;] =
xz—»'— B3 prevents the right-hand side from wandering outside [0, 1]. Interpreting values below
0 or above 1 as probabilities requires a certain amount of optimism. Rather than policing
the fitted values ex post, a more principled approach is to build the unit-interval restriction
directly into the model.

The idea behind nonlinear probability models is simple. We retain the index structure

x, 3, but pass it through a smooth, monotone function that maps R into [0, 1]:
Pr(y; = 1] x;) = F(x] B),

where F(-) is a cumulative distribution function. Different choices of F give rise to different

binary choice models. We focus on the two most common choices.

Definition 9.1 (Probit model). The Probit model specifies the conditional success
probability as
Pr(y; = 1| x;) = ®(x; B),

where ®(-) is the standard normal CDF,

o= [ L on(-2) as

Definition 9.2 (Logit model). The Logit model specifies the conditional success
probability as
Pr(y; = 1| x;) = A(x{ B),

where A(+) is the logistic CDF,

_exp(t) 1
A®) = L+exp(t) 1+exp(—t)
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Both models ensure that predicted probabilities lie strictly between 0 and 1 for any finite
value of x, 3. Compared to the LPM, this comes at the cost of nonlinearity, but the payoff
is immediate: fitted values are always interpretable as probabilities.

Importantly, the role of the function F(-) goes beyond mechanically enforcing the unit-
interval restriction. Each choice of F' corresponds to a different economic interpretation
of the decision process. In particular, Probit and Logit models emerge naturally from
latent-variable formulations in which individuals compare an unobserved utility index to a
threshold, with the functional form of F' determined by assumptions on the distribution of
unobserved shocks. From this perspective, nonlinear probability models are not merely ad
hoc fixes to the LPM, but structural models of discrete choice. We make this interpretation

explicit in the next subsection.

9.3 Latent Variable Interpretation

A more natural way to understand the choice of link functions is through a latent-variable
representation. Suppose there exists an unobserved continuous variable y; that captures

the net utility or propensity associated with choosing y; = 1. We assume
y: = X:ﬁ + &4,

where ¢; represents unobserved factors affecting the decision. The observed binary outcome

is generated according to the threshold rule
yi = Hy; > 0}

Only the sign of y; matters for the observed outcome, not its magnitude. As a result,
the latent index is only identified up to location and scale normalizations. Concretely: (i)
adding a constant to y; is observationally equivalent to shifting the threshold, so one typi-
cally normalizes the threshold to zero (equivalently, absorbs the constant into the intercept
in x; 3); and (ii) multiplying the latent equation by a positive constant leaves the sign
unchanged, so the scale is not identified and must be fixed by normalizing the dispersion of
g; (e.g. setting Var (¢;) = 1) through distributional assumptions.

Under this formulation,
Pr(y; = 1] x;) = Pr(y; > 0| x;) = Pr(e; > —x/ B | x,).
Let F.(t) := Pr(e; <t) denote the CDF of ¢;. Then
Pr(e; > —x{ B| x;) = 1 = Fo(—x] B).

For the common symmetric choices used in Probit/Logit (where F.(—t) = 1 — F.(¢)), this
simplifies to
Pr(y; = 1| x;) = F.(x; B).

Thus the link function F(-) in Pr(y; = 1 | x;) = F(x; 3) then implies assumptions about

the distribution of unobserved utility shocks. In the Probit model, ¢; is assumed to follow
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a standard normal distribution, leading to F' = ®. In the Logit model, ¢; follows a logistic
distribution, yielding F' = A.

9.4 Alternative Interpretations of Logit and Probit

The latent-variable formulation provides a convenient and intuitive way to motivate binary
choice models, but it is not the only interpretation under which Probit and Logit arise. More
generally, these models can be viewed as single-index probability models: the conditional
probability Pr(y; = 1| x;) depends on x; only through the scalar index x, 3, transformed

by a smooth, monotone link function.

Log-odds for Logit. A distinctive interpretation of the Logit model is built around
the concept of log-odds. While probabilities themselves are bounded between 0 and 1, odds
compare the likelihood of an event occurring to the likelihood of it not occurring:

Pr(y; = 1| x;)

odds(y; = 1| x;) = Py = 1] %)

Odds are unbounded and strictly positive, which makes them convenient for describing
relative likelihoods. Outside econometrics, they are commonly used in betting and games of
chance (such as poker) where decisions are often framed in terms of how many times more

likely one outcome is relative to another.

The Logit model goes one step further by applying a logarithmic transformation to the
odds:
logodds(y; =1 | x;).

Taking logs maps the positive real line to R and converts multiplicative changes in odds
into additive ones. The Logit specification imposes a linear structure on this transformed
quantity,

logodds(y; = 1| x;) = x{ B,

which implies that covariates shift the log-odds additively.

Exponentiating both sides yields

Pr(y; = 1|x;)
1—=Pr(y; =1]x)

= exp(x; B),
and solving for the probability gives the logistic CDF form

Pr(y, =1]|x;) = exp(x/ )

_ T
S ey g A

Under this formulation, a one-unit increase in x;; multiplies the odds of the event occurring
by exp(fk), holding other covariates fixed.

Probit and CLT. An alternative and particularly natural interpretation of the Probit
model is based on the aggregation of unobserved heterogeneity. Suppose the binary outcome

reflects whether an underlying index exceeds a threshold, but the unobserved shock consists
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of the sum of many small, (approximately) independent components:

J
yi=Ux{B+e>00 &= uy,
i=1

where each u;; captures a minor unmodeled influence on the decision. If no single compo-

nent dominates and J is large, then informally the Central Limit Theorem suggests that

the aggregate disturbance e; is approximately normally distributed (after an appropriate

scaling). This leads naturally to the Probit link,

Pr(y; = 1| x;) = ®(x; B).

This perspective is often appealing in empirical applications, where unobserved factors

are numerous, individually negligible, and difficult to model explicitly.

9.5 Marginal Effects

A convenient way to compare binary choice models is through marginal effects, i.e., the

partial derivative of the conditional probability with respect to a regressor. Fix a coordinate

k and consider a continuous regressor x;; (the kth component of x;).

Definition 9.3 (Marginal effects in the LPM). Suppose the Linear Probability
Model implies

Pr(yi=1|x) =E[y: | x] =%/ 8.
For a continuous regressor z;;, the marginal effect is

_ OE [yi | Xz‘]

MEL = -
ik axik Bkﬁ

which is constant across observations.

Definition 9.4 (Marginal effects in the Probit model). Suppose the Probit model
implies
Pr(y; = 1| x;) = ®(x; B).

For a continuous regressor x;, the marginal effect is

0P (x;
MES, = 220D — T ) . =

1
exp| —
V2T P (

where ¢(-) is the standard normal density.
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Definition 9.5 (Marginal effects in the Logit model). Suppose the Logit model
implies

exp(x, B)
1+exp(x/0B)

For a continuous regressor x;;, the marginal effect is

Pr(y; =1|x;) = Ax{ B) =

MEiLkgt = M — A(xiTﬁ)(l _ A(X?ﬂ))ﬁk _ exp(x; B)

Oz (1 + exp(x;'—ﬁ))

. J

2 Bk-

Because Probit and Logit marginal effects depend on the value of the index x; 3, they
are not constant across observations. As a result, applied work typically reports marginal

effects in one of two ways.

The first approach reports marginal effects at a representative covariate value, most
commonly at the sample mean X:

_ O0Pr(y; =1]x)
- 61‘].3 o

X=X

MEy (X)

This provides a single summary measure evaluated at a typical point in the covariate space.

The second approach reports average marginal effects (AMEs), defined as the sample
average of individual marginal effects:

N
1 OPr(y; =1|x)
AME;, = — —_—.
k N ; 83:%

Average marginal effects capture the mean impact of a covariate change across the ob-
served covariate distribution and are often preferred when the sample exhibits substantial
heterogeneity.

9.6 Estimation by Maximum Likelihood
9.6.1 Likelihood Setup
For binary choice models, once the conditional probability

Pr(y; =1|x;) = F(x; B)

is specified, the conditional distribution of y; | x; is Bernoulli with success probability
F(x/ B). Let n; :=x B and F; := F(n;). The likelihood contribution of observation i is

Li(B)=FY(1—F)' .

Assuming conditional independence across i given {x;}~ ;, the sample likelihood is
N

L) =[[F B [1-Fx 8) "

i=1
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Taking logs yields the log-likelihood

N
B) =Y |uilog F(x/ B) + (1 - ) log (1 — F(x] B))| = Y t:().

i=1 i=1

9.6.2 First Order Conditions

The maximum likelihood estimator B satisfies Vﬁf(,@) = 0. For a generic link F' with density

f = F’, the score can be written as

9.6.3 Hessian and curvature.

To understand whether the criterion is globally concave (so that any solution to the first-
order condition is a global maximizer), we examine the Hessian. Write f; := f(n;) = F'(n;).
For Logit, F = A and f(n) = A(n)(1 — A(n)); for Probit, F = ® and f = ¢.

LPM. The LPM is estimated by OLS:
i =x; B+ei, Ele; | xi] =0.

With the (half) sum of squared errors objective

—_

O |
i
=2
|
>
_‘
=

Q(B) =
we have

VeQ(B) = -X"(y-XB), VzQ(B) =X"X,

so the LPM objective is globally convex (Hessian p.s.d., and p.d. if X has full column rank).

Logit. For Logit, F; = A(n;) = exp(n;)/(1 + exp(n;)). From (1),

oy yi—F £
o F(Q1-F)""

Since f; = F;(1 — F;) for the logistic CDF, this simplifies to

ol
on;

=y — I, Vel(B) = Z(yi — Fp)x;.
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Differentiating again,

N N
VEUB) == fixix] == Am)(1— A(m)) xix]
=1 1=1

which is negative semidefinite.

Probit. For Probit, F; = ®(n;) and f; = ¢(n;), so
N
4B) = 3 [vi1og ®(m) + (1 = y) log (1 - @(my)]

i=1

Define the selected probability

and the scalar score factor

f (Qyz - 1)

Then

g,V g(g):i@x,
8771 iy B s R

Using ¢'(n) = —n ¢(n), one obtains

dé;

dn —ni& — &,

and therefore the Hessian can be written compactly as

N

dg
V(B Z(dnl) x| ==Y &+ &) xix
=1 v i=1
Both Logit and Probit log-likelihood Hessians take a weighted least-squares form,
N
VBUB) = = ) wilB)xx] = -XTW(B)X
i=1

for a suitable diagonal weight matrix W(8) = diag(w;(8),...,wn(8)). For Logit, the
weights are

wi(B) = A(n:) (1 = A(mi)) = 0.

For Probit, the weights are

g‘), (i)l = yiq)(ni) + (1 - yz)(l - ‘I’(Uz))

wi(B) = &i(mi + &), &= 2y —1)

Under standard regularity conditions, these weights are nonnegative so that the log-likelihood

is concave and the Hessian is negative Semideﬁnite.E

30ne way to justify concavity for Probit is that the standard normal CDF & is log-concave, which implies
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9.7 Inference on [‘3

Recall our discussion on M-estimators in the previous chapter. We can treat B as an M-

estimator: it maximizes the sample criterion

R

N
peasms (B, n(9)= 3 360,

or equivalently solves the first-order condition
1
N Z Si(B) =0, Si(B) == Vgli(B).
i=1

Under standard regularity conditions (as in the general M-estimator theory developed ear-

lier), we have
VN(B-By) % N(0,ATTBATY),
where
A:=-E [Vgsqi(ﬁo)] = *E[V%&(ﬁo)]a B:= ]E[S,-(BO)S,-(,BO)T].
This is the familiar sandwich form for asymptotic variance.

If the likelihood is correctly specified so that the information matrix identity holds, then

B=A

7

and the asymptotic variance simplifies to
A.Var([’)’) =A%

In practice, one uses the sample analogs evaluated at B, such as the observed-information

estimator .
N
) - |- vhh)|
i=1

(Equivalently, since £ is defined as an average, one may write [— N V%E ~(8)]71; the scaling
is the same.)
For Logit, recall

N
—V3UB) =D Aln:) (1 - A(n)) xix] = XTW(B)X,

i=1
so the observed-information estimator becomes

Var(B) = (XTW(B)X) .

log ®(-) and log(1 — ®(+)) are concave; composing with the linear index preserves concavity.
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For Probit, the same form holds with weights w;(8) = & (n; + &):

N
—VB) =Y G+ &) xix] =X TW(BX = Var(B) = (X W(B)X) .

i=1

Even when the model is misspecified, the M-estimator asymptotic variance remains valid

in sandwich form by M-estimator theory:

-1

N -1 /N N
Var(B) = (Z ~V; (B)) (Z Si(B)S; <B>T> (Z ~V2; (B))
=1 =1 =1

9.8 Inference on Marginal Effects

Inference for B in Probit and Logit models follows directly from the general M-estimator (or
MLE) theory developed above: once we have ,@ and an estimator of its asymptotic variance,

standard errors and hypothesis tests for components of 3 are immediate.

However, in nonlinear binary choice models, coefficients are often not the primary object
of interest. Unlike the LPM, where S}, is itself the marginal effect of z;;, on Pr(y; =1 | z;),
in Probit and Logit the effect of a covariate on the probability depends on the index x; 3.
As a result, the economically meaningful quantities are typically marginal effects:
_0Pr(ys =1 x) OF (x] B)

MEz = =
+B) Oz Oz,

as well as their summaries such as MEg(x) and AMEy, introduced earlier.

Since marginal effects are nonlinear functions of 3, inference on marginal effects is not
obtained by directly reading off standard errors of 3. Instead, we treat the marginal effect
as a smooth function of the estimated parameter and apply the delta method. Concretely,
for any target functional m(8) (e.g. m(B) = MEx(X) or m(3) = AMEy), we estimate it by

m(B) and obtain its asymptotic variance from a first-order Taylor expansion around 3.

9.8.1 Delta Method

Let b € R* denote an estimator of the true parameter vector 3 € R*. Let g : R¥ — R™ be

a continuously differentiable function, and define its Jacobian matrix

) - 20 _ [20)

Oby L_1 m; £=1 k.

...........

obT
Assume b % 8. By Slutsky’s theorem and continuity of derivatives, we also have
c) & c(B).
Now consider the first-order Taylor expansion of g(b) around 3:

g(b) = g(B) + C(B) (b — B) + o(Ilb — BI).
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Under b % 8, the higher order terms are of smaller order than ||b — 8, so
g9(b) — g(B) = C(B)(b - B).
If, moreover, b is asymptotically normal,
VNG - B) % N(0.5),
then by the delta method,
VN (g(6) = 9(8)) 5 N (0, C(B)ZC(B)"),

equivalently,

o0) < 7 (908, £ COECE)T).

In the MLE case, we typically take b = B and X, to be the (estimated) asymptotic
covariance of vV N (ﬁ — ), e.g. the inverse Fisher information (or its sample analog), or the
robust sandwich analog under misspecification.

The term delta is just shorthand for a small change. In the Taylor expansion,

9(b) —9(8) = C(B)(b - B),

the quantity (b—/3) is a small perturbation of 3, and the delta method says that the induced
perturbation in g(-) is approximately linear in that small change. The Jacobian C(3) acts
as the local conversion factor.

9.8.2 Delta Method for Marginal Effects
Fix an observation i. For a smooth link F', define
mi(B) = f(x{ B)BER",  f()=F'(),

so that the marginal effects (with respect to all coordinates of x;) are stacked in the vector

7;(B3). The plug-in estimator is

By the delta method,

(971'1' ~ 87ri T
A Var(#;) = <8BT) A Var(8) (6,@T) ,

with the Jacobian evaluated at 3 = 3, and in practice at B Let n; := x; 3, and write

fi = f(m) and f! := d% (77)|17:m' Using the product rule,
or; ofi
=L+ :
8,8T f k ﬁ aﬂ'r
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Since g’g% = i'aag% = f/x,, we obtain the compact form
871" T
Tﬁ; = filx + fi Bx; .

Therefore,

AVar(#;) = ( FLo+ £ Bx;) ) A.Var(B) ( Fili + £ Bx; )T.

Logit. For Logit, F(n) = A(n) and

Differentiate f; w.r.t. n;:

a4
i

f= (A = AW, = AL = Ag) = s = Af(1 - 24,)

Since A, = f;, we have

fi= fi(1=24A).
Plugging into the generic Jacobian gives

87ri -

o5t = STt =200 Bx] = [T+ (1—200)8x] |,

and hence

AVar(#;) = f2 [Ik +(1- 2Ai)ﬁxﬂ A.Var(B) [Ik +(1- 2Ai)ﬁxﬂ !

Probit. For Probit, F(n) = ®(n) and f() = ¢(n), so
fi = bi = ().
Once again using ¢'(n) = —n ¢(n),
fi=¢i =—mdi.

Therefore,

or;
8;T = ¢l — midiBx; = ¢; [Ik - ﬁzﬁxﬂv

and
“ T
AVar(#;) = ¢2 [Ik —nBx; }A.Var(,@) {Ik —nBx; ]
9.9 Hypothesis Testing

At this point we have all the ingredients needed for classical large-sample tests: the like-
lihood ¢(3), the score Vg¢(3), and an asymptotic variance estimator for B. We focus on
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testing parametric restrictions on 3, either linear or nonlinear. Throughout, the large-sample

justification comes from

VN~ Bo) & N(0, %),

where X denotes the asymptotic covariance of v N (B — Bo) (estimated in practice by the
inverse information under correct specification, or by the sandwich form under misspecifi-
cation).

9.9.1 Wald Test

As discussed before, the Wald test asks: is the unrestricted estimate B close enough to satis-
fying the restriction? It uses (i) a plug-in estimate of the restriction evaluated at 3 and (ii)
the asymptotic variance of that plug-in quantity (via the delta method). Computationally,
Wald is cheap: it only needs the unrestricted estimate and a variance estimator.

Algorithm 10 Wald test for Hy : R3 = r in binary choice MLE (Logit/Probit)
Require: Data {(y;,x;)}Y,, link F (Logit: A, Probit: ®), score S;(8) = Vgl;(3), Hes-
sian H;(8) = V3li(B), restriction matrix R € R9** (full row rank), vector r € RY,

significance level a.
1: Estimate 8 by MLE:

N

Beagmax (8),  UB) =Y [wlog F(x] B) + (1 y)log(1 ~ F(x 8)) .

i=1

2: Compute an asymptotic covariance estimator for 3 using Hessians:

1 & B
> = (N Z —%(6)) :
=1
3: If allowing misspecification, use the sandwich form:

R | X R -1 | X ) . | X ) -1
3= (N;—Hi(ﬁ)> (N;Si(ﬂ)si(ﬁ) )(N;—Hi(/@)> :

4: Define the restriction function g(3) := RB8 — r and compute the plug-in estimate g :=
g(B)=RB —r.
5: The Jacobian is Vgg(3) = R, so

Q:=RIRT

estimates the asymptotic covariance of v Ng.
6: Compute the Wald statistic:
W:=Ng Qg

7. Compute p-value: p:=1 — FXE(W)'
8: Reject Hy if p < a (equivalently, if W > xa 1—a)-
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Algorithm 11 Wald test for Hy : h(3) = 0 in binary choice MLE (Logit/Probit)
Require: Data {(yi,x;)}Y,, link F (Logit: A, Probit: ®), score S;(8) = Vgl;(3), Hes-
sian H;(8) = V3(i(B), restriction function h : R¥ — R? (continuously differentiable),
Jacobian H(B) := oh(8)/d8", significance level a.
1: Estimate 3 by MLE:

N

Beargmax (B),  U(B) =) [wlog F(x] B) + (1) og(1 -~ F(x B)) .

i=1

2: Compute an asymptotic covariance estimator for B using Hessians (information-based):

1 B
3: If allowing misspecification, use the sandwich form:

-1

2-—1NH-A 1NSVS-AT
= N;f i(B) N; i(8)5:(8)

4: Evaluate the restriction at the estimate: h := h(3) € RY.
5: Evaluate the Jacobian at the estimate: H := H(3) € RI**.
6: Compute the estimated covariance of v/N h (delta method):

2|~
M-
|
X
g)
N—————
|

Q:=HZH'.
7: Compute the Wald statistic:
W:=Nh"Q 'h.

8: Compute p-value: p:=1— FXE(W)'
9: Reject Hy if p < a (equivalently, if W > xﬁ, 1—a)

9.9.2 Likelihood Ratio (LR) Tests

The LR test asks a question similar in spirit: how much does the best possible fit worsen
when we force the restriction to hold? It compares the maximized log-likelihood under the
unrestricted model to the maximized log-likelihood under the restricted model. The LR test
is likelihood-native and does not require a separate variance estimator, but it does require

solving the restricted optimization problem.
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Algorithm 12 Likelihood ratio test for Hy imposing ¢ restrictions in binary choice MLE
(Logit/Probit)
Require: Data {(y;,x;)}}¥,, link F (Logit: A, Probit: ®), log-likelihood

UB) = |wilog Fx] B) + (1 = y) log (1 — F(x/ B)) .

=1

unrestricted MLE B, restricted parameter set O (encoding Hy), significance level a.

1: Compute the unrestricted maximized log-likelihood: ¢y := ¢(83).
2: Compute the restricted MLE:

3 0B).
Bo € arg max (8)

3: Compute the restricted maximized log-likelihood: (5 := £(3,).
4: Compute the LR statistic:
LR :=2(ly — (R).

5: Compute p-value: p:=1— FXS(LR)'
6: Reject Hy if p < a (equivalently, if LR > Xﬁ, 1—a)-

9.9.3 Lagrange Multiplier (LM) / Score Tests

What if we ask: if we force the restriction to hold, does the likelihood still want to move away
from it? That is what LM test is doing. It evaluates the score at the restricted estimate.
If Hy is true, the score (properly scaled) should be close to zero at the restricted optimum.
Computationally, LM avoids solving the unrestricted problem (helpful when the unrestricted
model is expensive), but it does require computing the score and an information matrix at
the restricted estimate.
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Algorithm 13 LM / score test for Hy imposing ¢ restrictions in binary choice MLE
(Logit/Probit)
Require: Data {(y;,x;)}},, link F (Logit: A, Probit: ®), log-likelihood

N
Z[w log F(x; 8) + (1 —y,)log(1 —F(Xfﬁ))],

i=1

individual score S;(8) := Vgl;(8), individual Hessian H;(8) := V%Ei(,@), restricted
parameter set Oy (encoding Hy), significance level a.
1: Compute the restricted MLE:

3 B).
By € arg max (B)

2: Evaluate the (sample) score at the restriction:

4: If using expected information, replace ig by its sample analog.
5: Compute the LM statistic:
LM :=STI'S.

6: Compute p-value: p :=1— Fy2(LM).
7: Reject Hy if p < « (equivalently, if LM > X?L 1—a)

All three tests are asymptotically equivalent under Hy (same X? limit), but they differ
in what they require computationally: Wald uses only the unrestricted estimate and i, LR
requires both unrestricted and restricted maximization, and LM requires only the restricted
estimate plus the score/information evaluated at the restriction.

9.10 Goodness of Fit

In linear regression, goodness of fit is often summarized by R?. For Logit/Probit models
estimated by maximum likelihood, the usual variance-decomposition interpretation does not
apply, so fit is typically assessed using likelihood-based measures.

Let B denote the unrestricted MLE, and let ﬁo denote the MLE from the intercept-only
(“null”) model. Write £(3) and £(3,) for the corresponding maximized log-likelihood values,

where

N
Z [Z/z log F(x; B) + (1 — y;) log(1 — F(xjﬁ))}

i=1
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9.10.1 Pseudo R?

Define the log-likelihood gain (relative to the null model)

AL:=U(B) — 1(By)-

A likelihood-based pseudo-R? is

1 1
R ondo == 1— =1= B)—1(By))
pseudo L+ 21 1 4 2B-1B0)
Equivalently,
2A¢
) 248t AL

R =0 = :
pseudo 1+2TM %+A€

9.10.2 McFadden’s R?

McFadden’s pseudo-R? is defined as

(),

McF =

U(Bo)’
It compares the maximized log-likelihood under the full model to that under the intercept-

only baseline.

Both measures are likelihood-based and should not be interpreted as “fraction of variance
explained.” They are best viewed as summaries of how much the model improves fit relative
to the null specification, and their numerical scale typically differs from the OLS R2.

9.11 Endogeneity and Full-Information MLE

Up to now, Probit and Logit models looked pleasantly self-contained: specify a link function
F, estimate 3 by MLE, and do inference using the information matrix and the delta method.
That entire pipeline, however, leans on conditional exogeneity. When an important regressor
is endogenous, the likelihood we maximized is built on the wrong conditional distribution,
and the resulting B is not merely imprecise; it is biased for the structural parameter we care
about. The usual “just instrument it” instinct is not straightforward in nonlinear probability
models. So we sketch one standard remedy: specify a joint model for the endogenous
regressor and the latent error and estimate all parameters by full-information maximum
likelihood (FIML).
Suppose the binary outcome is generated by a latent index model

yi = H{y; > 0}, yr =x; B+ ow; +¢,

where w; is endogenous. In this case, the core binary-choice assumption behind single-
equation Probit/Logit,
& | (x5, wi) ~ F,

where F' is a known distribution, is not credible: endogeneity means ¢; and w; are not
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independent (equivalently, E[e; | w;] # 0), so the usual single-equation likelihood is mis-

specified.

9.11.1 Attempting 2SLS

A naive thought is to instrument w; and run 2SLS. In a linear model, this instinct is cor-
rect: the first stage projects w; onto the instrument space, and the fitted value w; is (by
construction) the component of w; that lives in the span of valid instruments. Geometri-
cally, IV is a projection argument in a linear inner-product space: the fitted part is the
“orthogonal-basis-safe” component, and the residual is orthogonal to the instruments.

In a nonlinear binary choice model, this geometry does not survive the link function.
The probability is
Pr(y; = 1| xs,w;) = F(x 8+ wy),

so a two-step replacement w; — w; produces F(x, 3 + 6;), not F(x, 3 + dw;). Even if
w; is the best linear projection of w; onto instruments, the nonlinear transformation F'(-)
generally reintroduces dependence between the transformed index and the structural error.
Put differently: linear IV works because orthogonality is preserved under linear operations;
a nonlinear map can bend the instrument-projected variation in ways that destroy the clean
“orthogonal decomposition” intuition (one can think of this as a form of concurvity).

The deeper issue is twofold: (i) credible excluded instruments are often difficult to justify
in binary choice applications, and (ii) even when instruments z; are available, exploiting
them typically requires additional structure (e.g. a joint model for (g;,u;)) rather than a

direct two-stage plug-in.

9.11.2 A Moment-Condition Attempt

One might try to mimic linear IV logic by writing a moment condition such as
* T _
E (yz 7X1v ,@75’[01)27 —0,

with instruments z,;. The problem is immediate: y; is unobservable.

Example 9.1. Suppose for simplicity that z; is a scalar instrument and the latent
index is
y: = dw; + &, Y = 1{yf > 0}

If we could observe yf, the IV moment E [(yF — dw;)z;] = 0 would reduce to E [g;2;] =
0, and we could proceed as in the linear case. But we only observe the sign of y;
through y;. Knowing y; = 1 tells us that y: > 0, i.e. &; > —dw;, but it does not tell
us the magnitude of yi. Many different values of (w;,€;) produce the same y;. As a

result, there is no observable residual of the form (y; — dw;) to multiply by z;.

One way around the unobserved y; is to treat it as missing data and integrate it out

(“data augmentation”).
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Example 9.2 (A Probit Example). Consider the Probit latent-index model
vi=Uyi >0k oy =x{B+e, e~NOI)

with {(y;,x:)}., observed. If we could observe y;, the model would be a Gaussian
linear regression with known error variance, and estimation of B would reduce to least
squares. Data augmentation makes this idea operational by treating y; as missing
data.

The latent regression implies the joint density:

P,y | %0, 8) =pyi | ) p(y | xi,8),  pyily) =y =1y >0)},
since y; > 0= y; = 1 is deterministic and vice versa, and
vi | xi, B~ N(x] B, 1).
Conditioning on y; enforces truncation. Let ju; :=x; 3. Then
vl | (yi = 1,%4,8) ~ N (i, 1) truncated to (0,00),

and
vl | (yi = 0,%4,8) ~ N (i, 1) truncated to (—oo,0].

Equivalently, the density is

(y; — i)
Pr(yz | Xiaﬁ)

where A; = (0,00) if y; =1 and A; = (—00,0] if y; =0, and

Pr(y; = 1| x4, 8) = ®(1s), Pr(y; =0 | x4, 8) =1 — ®(w).

Once the latent variables y* = (yf,...,y}"\,)—r are treated as observed, the model
becomes
y'=XB+e,  e~N(0In),

where X = [x{;...;x]. Hence the likelihood for B is

* 1 * *
p(y" | X, ) oceXp<—5(y -XB)"(y —Xﬂ))-
Now impose the conjugate Gaussian prior

B ~ N(bg,By), By >~ 0.
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Example 9.3 (A Probit Example (cont.)). By Bayes’ rule, the posterior kernel is
the product:

p(Bly",X) o p(y" | X,B)p(B).

Taking logs and dropping constants (terms not involving 3),

* 1 * * 1 —
logp(,B | y 7X) = _é(y - Xﬁ)T(y - Xﬁ) - 5(,3 - bo)TBO 1(ﬁ — bo) + const
_ _% |:,6TXTX,6 o QﬁTXTy* + IBTBalﬁ o 2ﬁTBalb0:| 4 const.
Let
B, :=By'+X'X)"!, by :=B;(By'by+Xy).

Then
By, X)~N(bi,By).

Side Notes: If we take an increasingly diffuse prior (formally Bgl — 0), then
B; —» (XTX)™! and
b, —» (XTX)1XTy*,

which is the OLS estimator from regressing the augmented latent outcome y* on X
(when XTX is invertible).
Data augmentation alternates between:

(A) Draw y; independently from the truncated normal
v | (yi, xi, B) ~ N(x; B,1) truncated to (0,00) if y; = 1,
vl | (vi,xi, B) ~ N (x; B,1) truncated to (—o00,0] if y; = 0;
(B) Draw B from its conditional Gaussian distribution

ﬁ | (y*7X) ~ N(blvBl)'

Iterating (A)—(B) generates a Markov chain whose stationary distribution is the joint
posterior p(B,y* | v, X).

The augmentation is a computational device; it does not change the implied likelihood
for the observed data. Indeed,

Pr(yl =1 | Xivﬁ) = Pr(y;k >0 | Xivﬁ) = PI‘(&Z- > 7X1—'rﬁ) = (I)(X;rﬁ)v

and similarly Pr(y; = 0 | x;,8) = 1 — ®(x; 3). Thus integrating out y* recovers the usual

(3
Probit likelihood N

L(B) = [T/ 8" (1 - @(x8) ™"

i=1
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9.11.3 A Frequentist Fix: Joint Modeling and Full-Information MLE

The data-augmentation route above is a natural Bayesian response to the missing latent
variable y}: introduce it explicitly and sample (or integrate) it out. In applied econometrics,
however, sampling is expensive and endogeneity is often treated in a frequentist way: rather
than placing priors and augmenting latent variables, we change the likelihood to reflect
the endogeneity mechanism. Concretely, we specify a reduced form for the endogenous
regressor and a joint distribution for the structural error and the first-stage error. This
turns the problem into a likelihood model for the observables (y;,w;) given (x;,2;), and
we estimate all parameters by maximum likelihood. We illustrate this using the following
Probit example.
Assume the latent index is

yi = Hy; >0}, yi =] B+ 6w +ei, Var (¢;) = 1,
where w; is endogenous. Introduce a first-stage (reduced-form) equation

T 2
w; = 2z; o+ u;, Var (u;) = oy,

with z; excluded instruments (and/or exogenous controls). Endogeneity is captured by al-

lowing (£;,u;) to be correlated. Following the notes, assume a bivariate normal disturbance:

(2] =e(o) (e %))

so that Cov(e;, u;) = poy, and Corr(eg;, u;) = p.
Let u; = w; — 2z, a. A standard property of the bivariate normal implies

51|u1~N< u;, 1— 2).

Therefore,

Pr(y; = 1| xi,w;, z;) Pr(yZ >0 | x4, w;, Z 1)

Pr(x; B+ dw; + & > 0| w)

Pr(e; > —x/ B — dw; | w;)
T,@—l—éwl ul>

P

(T,B—i—éwl Uu(w—z?a))

V1i-p®
Define the Probit index appearing above as

x, B+ dw; + £ (wi — z, o)

i =

1— p2?
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Under w; = z; & + u; with u; ~ N(0,02),

1 w; —ZT(X
w; |ZiNJ\/(Z;raan)a f(w |zi):a¢<az>.

u u

Let
1
v; = 7047 so that flw; | 2;) = —d(vsy).

O—’U. u
The likelihood for the observables (y;, w;) given (x;,%;) is
N Yi 1-y; 1]
) =TI|e@)] [1-e@)] = —sw).
i=1 w
where the parameter vector is

0 := (ﬁ767a70u7p)'

Maximizing £(0) over 0 yields the so-called full-information MLE (FIML).

9.12 From Binary to Multinomial Choice

Binary choice models (Logit/Probit) cover the case y; € {0,1}. In many applications,
however, the outcome has more than two unordered categories, e.g. y; € {1,...,J}. The

goal is then to model the full vector of conditional choice probabilities
pl](IB) ::Pr(yi:j|xi)7 jzlv"'a‘]a Zpl](ﬂ)zl

The logic of binary choice generalizes cleanly: we keep an index structure in utilities, map
it to probabilities via a link implied by a distributional assumption, estimate by MLE, and

conduct inference using the same M-estimator / delta-method pipeline.

9.12.1 Latent-utility setup and normalization

A standard structural starting point is a latent utility representation. For each alternative
jed{l,...,J}, let

* T *
Y =X, B+ €5 Y; = arg max Y,..
EAER ' jellynay Y

Only differences in utilities matter for the argmax. Hence the model is not identified without
a normalization: adding the same constant to all y;; leaves y; unchanged. A convenient

normalization is to select a baseline category, say j = 1, and set

B, =0, so the free parameters are (3,,...,3;).

9.12.2 Multinomial Logit (MNL)

The multinomial analogue of Logit arises when the utility shocks {e;; }3—’:1 are i.i.d. Type-I

extreme value. Then the choice probabilities take the so-called softmax form:

_ eXP(XiTIBj)
Sy exp(x] By)

Pr(y; = j | xi) = pi;(B) j=1,...,J,
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with the normalization 3; = 0 implicitly understood. This is the direct generalization of
binary Logit: instead of mapping one index through A(-), we map the vector of indices
{x/B;}/-, through a softmax that enforces the simplex restriction automatically.

A key implication of MNL is the ITA property (Independence of Irrelevant Alterna-

tives). For any pair of alternatives j, ¢,

Pr(y; =7 | xi)

— T
Pr(y’b =/ | XZ) o eXp(Xi (’8] - 186))7

which does not depend on the presence or attributes of other alternatives. This can be
reasonable when alternatives are well-separated, but it can be restrictive when some options
are “close substitutes.”

9.12.3 Estimation by MLE

Given p;;(8), the conditional likelihood contribution is

J J
Li(B) = [[pi;(®" =, 4:(B) = 1{yi = j}logpi;(B),
j=1 j=1
so the sample log-likelihood is
N N J
(B) =Y (B = 1y = j}logpi;(B).
i=1 i=1 j=1
The MLE is defined as
B < argmax ((8).
where 3 stacks the free blocks (3,,...,8;) under the chosen normalization. Inference

proceeds exactly as in binary choice: treat ﬁ as an M-estimator / MLE, use the (observed)
information matrix or the sandwich form for misspecification, and apply Wald/LR/LM tests
as needed.

9.12.4 Marginal Effects

In multinomial models, changing a covariate shifts all choice probabilities. For a continuous

regressor r;i, the marginal effect on alternative j is

_ OPr(y; = j | xi) _ 3pz‘j(,8).

ME;k(8) - Oz ik Oz

For MNL, this derivative has a compact closed form. Let 3;, denote the kth coordinate of
B;. Then

J
= =pi;(8) <5jk - Zpie(ﬁ) 5£k> ) j=1...,J
=1

Thus the effect on option j is “own slope minus a probability-weighted average slope,”
scaled by p;;. As in binary Logit/Probit, marginal effects depend on x; through p;;(3),

so applied work typically reports marginal effects at representative covariates or average
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marginal effects:
1 XN
AME;;, := ~ ; ME;;(8).

Because ME;;;(8) is a smooth function of 3, inference on marginal effects follows by the

delta method, using the estimated asymptotic variance of B.

If you need richer substitution patterns than MNL (i.e. to relax ITA), one can move
to models such as multinomial Probit (correlated normal utility shocks) or mixed/nested
Logit. The basic workflow—index model — implied probabilities — MLE/M-estimation —
delta-method inference—remains the same; what changes is the probability formula and the

computational burden.

9.13 Summary

Binary choice models were our reminder that once you leave the warm, linear world, the

objects you estimate and the objects you care about stop being the same thing. In particular:

o Coefficients vs. effects. In the LPM, 3, is the marginal effect. In Logit/Probit, 3,
is just a slope inside an index, and the economically meaningful effect is a nonlinear
function of (x;,3), hence the delta method shows up to keep everyone honest.

o Identification vs. computation. Maximizing ¢(3) is an algorithm; getting a struc-
tural parameter out of the data requires exogeneity/orthogonality conditions. The

optimizer does not check your assumptions for you (tragically).

e Distributional assumptions are doing real work. Choosing F' is not mere aes-
thetics: it pins down a likelihood (and therefore an estimator) by turning qualitative
restrictions (monotonicity, latent index, threshold crossing) into quantitative proba-
bilities.

Now comes the plot twist: linear panel models bring back the linear conditional mean
(so the algebra becomes friendly again), but they keep the hardest part. The threat is
no longer “your fitted probability wandered outside [0,1].” The threat is that instead of
bending probabilities with a nonlinear link, we add an individual-specific component to the
error that you cannot ignore because it is very good at being correlated with x;;.

The good news is that nothing we built was wasted: the same orthogonality logic and
“what exactly is identified under which exogeneity assumption” mindset carries over directly.
The bad news is that panels will try to gaslight you with notation.

In the next chapter, we study the canonical linear panel model, make the exogeneity con-
ditions explicit (strict vs. sequential), and derive the two workhorse solutions: within/differencing
for fixed effects, and GLS-style estimation for random effects.

Hang in there. We are literally one chapter away from the end. (Yes, the last chapter is

a bit annoying. But still: one chapter.)
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10 Linear Panel Models

The previous chapter studied models where the outcome is nonlinear (or enters through a
nonlinear link). A recurring difficulty there is that unobserved heterogeneity—individual-
specific components that persist over time—typically enters the model nonlinearly as well.

In this chapter we take a different route: we focus on linear panel models. The payoff
is tractability. Linearity lets us remove time-invariant unobserved heterogeneity by simple
transformations (demeaning or differencing), leading to estimators with closed forms and
identification conditions that are easy to see and hard to fake.

This also sets up the canonical policy-evaluation application: difference-in-differences
(DiD), which can be viewed as a special case of differencing (and, in multi-period settings,

two-way fixed effects).

10.1 Specifications and POLS

Assume we observe a panel {(y;, %) : 4 =1,...,N, t = 1,...,T}, where y; € R and

x;; € RF. A very general linear panel specification writes
T
Yit = X By + Eit,

where the disturbance €;; may encode individual-specific and/or time-series structure, and

we allow the slope to vary across both individuals and time.

Fun Facts 10.1. As a digress, several restrictions on 3,;, appear frequently:

By =B (constant slope)
B, = B; (individual-specific slope)
B, = B, (time-specific slope).
In this chapter we mainly focus on the constant-slope case, and model cross-

sectional /time heterogeneity through additive unobservables (e.g. unit effects ¢; and

time effects d; introduced below).

. J

A first (and very tempting) idea is to ignore the panel structure, treat the NT observa-

tions as if they were a single pooled sample, and run one big OLS regression.

Definition 10.1 (Pooled OLS (POLS)). Let y € R¥T and X € RVT*k denote the
stacked outcome vector and regressor matrix formed by stacking all pairs (¢,t). The
pooled OLS (POLS) estimator is

Brows == (X'X)'X Ty,

whenever XX is invertible.

This approach is computationally simple and uses all observations, but it is also naive

in typical panel settings: observations within the same individual are often dependent over
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time, and there may be time-invariant unobserved effects ¢; correlated with x;;. If such panel
structure is present and ignored, POLS can be biased/inconsistent, and its usual standard
errors can be misleading.

To make pooled regression valid, one needs conditions that effectively rule out (or neu-
tralize) these panel-specific complications. The next lemma records the baseline benchmark:

if the pooled sample behaves like an ordinary cross section, then POLS behaves like ordinary
OLS.

Proof. Stack the model as

y=XB+¢,

SO
Brors — B = (XTX)'X"e.

We first show unbiasedness. Conditioning on X,

E|Brors —B1X| = (XX)7'XE[ | X].

By (A2), E[es | xi] = 0 for each (4,t), hence E [¢ | X] = 0 and therefore E [ﬁPOLS | X} =p.
Next show consistency. Rewrite

R 1 o
Bpors —B= (WXTX) (WXTE) .

By (A3), 37 X'X & E|[x;x},], which is nonsingular by (A1), hence by continuity of

inversion,

1 -t -1
(WXTX) 5 E [xux)] .
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Also by (A2),
E [xiteit] = E[E [xieit | Xit]] = E [xiE [e54 | xi2)] = O,

so (A3) gives z-XTe 2, 0. Slutsky’s theorem implies Bpors — B - 0. O

The proof above leans heavily on the contemporaneous exogeneity assumption. This
is very likely not the case given a panel data structure. As the data tracks over time,
correlations can be passed down through ¢ and POLS easily become biased. We model this

formally next via Linear Unobserved Effects.

10.2 Linear unobserved effects, FE vs. RE, and strict exogeneity

Definition 10.2 (Linear unobserved-effects (UE) models). In the constant-slope
case, a standard way to represent cross-sectional and time heterogeneity is through
additive unobservables:

Yir = Ci + X8+ ug (individual effects),
Yir = di + x5, 8 + wi (time effects),
Yir = Ci + di + X B+ uy (two-way effects).

Here ¢; is an unobserved component constant within individual ¢, d; is an unobserved

component constant within period ¢, and u;; is the idiosyncratic disturbance.

J

A useful way to read Definition is: ¢; and d; carry the persistent structure (time-
invariant or common time shocks), while u;; is the residual short-run shock left after account-
ing for that structure. For intuition and for baseline inference formulas, it is common to
treat {u;} as “approximately white noise” within each ¢ once ¢; (and possibly d;) have been

removed: centered, often homoskedastic, and with no strong time-persistent dependence.

The key econometric fork appears immediately: do we allow ¢; to be correlated with the
regressor path {x;;}7_, (fixed effects), or do we impose an orthogonality restriction linking c;
and {x;;} (random effects)? Before choosing sides, we need the baseline exogeneity condition
that gives 3 its usual meaning.

Definition 10.3 (Strict exogeneity). In the unobserved-effects model, x;; is said to

be strictly exogenous (relative to the idiosyncratic shock u;+ and unit effect ¢;) if

]E[uit|xil,...,xiT,ci}:O fOI‘aHt:].,...,T.

Equivalently: after conditioning on the entire regressor path and the individual effect,
the remaining innovation has zero mean. In particular, u;; cannot feed back into the future
evolution of {x;s}7_;.

This is a strong condition: it rules out both “feedback” (shocks affecting future regres-
sors) and many dynamic adjustment stories. Two common settings where strict exogeneity
is typically violated or simply inappropriate are:

113



« Binary choice / nonlinear outcome models: outcomes are generated through a
nonlinear latent-index structure, and the disturbance enters in a way that generally
does not align with the linear conditional-mean restriction above. One usually replaces

strict exogeneity with exogeneity conditions tailored to the nonlinear model.

¢ Dynamic panels: if the regressor includes lagged outcomes, then past shocks are

mechanically embedded in the regressor path. For example, in
Yit = Ci + PYit—1 + Ui,

the regressor y;;—1 is a function of u;,—; (and ¢;), so conditioning on the full path

{yis—1}1_, typically violates the strict-exogeneity requirement.

10.3 Fixed effects

We start from the individual-effects model
yit:CZ'-FX;I;,B-i-uit, i=1,....,N, t=1,....T,

where ¢; collects everything about individual ¢ that does not change over time (ability,
preferences, baseline productivity, etc.). The point of fixed effects is not that ¢; is small,
but that it can be correlated with the regressors. If individuals choose x;; based on stable
traits we do not observe, then treating c¢; as part of the error (random effects) is exactly
the wrong move. FE takes the opposite stance: it allows ¢; to be arbitrarily related to the
regressor path and tries to estimate B anyway.

To interpret B in this setting, we still need that the remaining shock w;; behaves like
an innovation once we condition on what the individual looks like (through ¢;) and on the

regressor history. The standard benchmark is strict exogeneity (Definition )

10.3.1 LSDYV estimation.

Definition 10.4 (Least Squares Dummy Variable (LSDV) estimator). A literal way
to implement fixed effects is to treat {c;} as N nuisance parameters and estimate
them by OLS along with 8. Write

T _
Yit = 0 + X B + Uiy, a; = ¢,

and represent «; using individual dummies. Let D;; = 1{i = j} be the indicator
that observation (i, t) belongs to individual j. Then the FE model can be written as

the pooled regression
N

yit = a;Dij + X8 + ui,
j=1
with one normalization (e.g. omit one dummy or impose Zjvzl a; = 0). Running
OLS on this regression is the LSDV estimator.

\. J

It uses the same identifying idea as FE: each individual gets their own intercept, so all

time-invariant heterogeneity is absorbed before 3 is estimated.
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10.3.2 Within estimaton.

While LSDV is conceptually transparent, it is often more convenient to eliminate {a;}
algebraically by demeaning over time, which leads to the within estimator. Because ¢; does
not vary with ¢, we can remove it by comparing an individual to themself over time.

Fix an individual ¢ and define time averages

1 & 1 & 1 &
Yi == t_zlyit’ X; = T;Xm U; 1= T t_zluz't-

Averaging the FE model gives

N

Ui = ¢ + %, B+,

so subtracting yields the within regression
Yie — Ui = (Xae — %) B+ (e — ;).

To make the algebra compact, stack observations for individual 7 into 7" x 1 and T X k

objects:
Yi1 X;E Uil 1
. T
yi = ) XZ = ) u; = ) e = eR
YiT X7 Ui 1

Then the FE model becomes
yi =ce+X;8+u,.

Definition 10.5 (Within transformation and FE estimator). Define the demeaning
matrix |

Q:=1Ir— TeeT.
Then Qe = 0, Q" = Q, and Q2 = Q. Premultiplying by Q yields the within-
transformed model

Qy; = QX;8 + Qu;,

since Q(c;e) = 0. The within (FE) estimator is the pooled OLS coefficient in this

transformed regression:

N -1 /N

Brg = (Z XzTQXi> <Z XZQ%) :
i=1 i=1

Equivalently, with 4;; := y;: — ¥; and X;; := x5 — X5,

i=1 t=1 i=1 t=1
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Rank condition. For ,BFE to be well-defined, the transformed regressor matrix must have

N
rank (Z X/ QXi> = k.
1=1

Intuitively, each regressor must have enough within-individual variation over time; if a

full column rank:

component of x;; is constant in ¢ for every ¢, then QX; removes it completely and its
coeflicient cannot be identified under FE.

10.3.3 Asymptotics of the within estimator

For fixed effects, the usual large-N panel asymptotics treat T as fixed (or at least not
growing fast) and let N — oo. Intuitively, FE identifies 3 by comparing each individual to
themself over time; once we have transformed the data, we can think of each individual 7 as
contributing one “block” of T' observations, and consistency comes from having many such
blocks.

Recall the within-transformed regression

1
Qy; = QX;8 + Qu;, Q=1Ir- Tee—r.

A natural orthogonality restriction in this transformed model is
E [X/ Qu;] =0,
or, more explicitly,
IE [th(uzt — az)] = O

This is the within analogue of the usual OLS mean-orthogonality condition: once we re-
move ¢; by demeaning, the remaining regressor variation should be uncorrelated with the

remaining error variation.

Lemma 10.2 (Unbiasedness of within estimators). Let Q := Iy — %ee—'—. Assume
Zf\il X QX; is nonsingular (in the realized sample) and that the within orthogo-
nality condition holds:

E[X/ Qu; | X;] = 0.

Then the within (FE) estimator
A N 1/ N
Brg = (Z Xz’TQXz) (Z Xz’TQYi>
i=1 i=1

is conditionally unbiased given the regressors:

E[BFE|X1,...,XN]:5.

Proof. Premultiplying by Q eliminates the fixed effect:

Qy; = QX;8 + Qu;.
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Plug into the FE formula:
R N L/ N
Brg = B+ (Z X, QX,~> (Z X, Qui> .
i=1 i=1

Condition on Xj,..., Xy and take expectations. By the assumed within orthogonality,
E [X] Qu; | X;] = 0, hence

N -1 N
E[Bre— 81X, Xn| = (ZXZQX,) S E[X]Qui | Xi,....Xy] = 0.

i=1 i=1

The (i, ) statement follows from X, Qu; = Y"1 Kyl O

Consistency is valid under the same type of argument we did for OLS.

Proof. Premultiply the model by Q to eliminate the fixed effect:

Qy; = QX;8 + Qu,,

since Q(c;e) = ¢;(Qe) = 0. Plugging this into the definition of ,fiFE gives

N -1/ N
Brr = (Z XiTQXi) (Z X/ (QXiB + Qui))

i=1 i=1

N -1 /N
=B+ (Z X Qxi> (Z X] Qui) .
i=1

i=1
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Rewrite this as

p 1 al T - 1 al T

By (A2), the first term converges in probability to A and the second converges in probability
to 0. By (A3), A is nonsingular, hence by continuity of matrix inversion,

1Y o
(NZXIQXi> AL
=1

Slutsky’s theorem then implies ﬁFE -85%o0. O

The route to asymptotic normality follows the textbook proof as well.

Proof. Start from the decomposition (already derived in the proof of Lemma ):

L -1 LN
. _ T ) = Tyae
Brg — B = <_N ;:1 X, QX1> (N ;:1 X, Quz> .
Define the k x 1 random vector
g = X/ Qu;.

By (Al), E[g;] = 0. By (B1)—(B2), {g;} are i.i.d. with finite second moments, so the
multivariate CLT yields

1 al _ 1 T d _ T1 _ T T
m(WEgi>—\/—N;gi—>N(O,Q), Q=E[gsg/| =E[X/Quu QX,].
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Meanwhile, by the LLN in (A2),

| X

v d X/ Qx; & A

i=1
and by (A3) and continuity of inversion,
1 B
(N > XiTQXZ) LN

i=1

Combine these with Slutsky’s theorem to obtain
1 B 1 J
e _ TOX. = TOw. —1A-1
VN (Bpg — B) = (N;Xz- QXZ> VN (N ;x Qul> S N(0, ATIQATY) .

For the homoskedastic benchmark, take conditional expectations:

Q

(X Qu,u/ QX;]

X/ QE [wu] | X;] QX;]
[X{ Qo71r)QX,]

ooE [X] Q°X;]

o.E [X] QX;]

=o2A,

E
E
E

using Q? = Q. Substituting into the general limit variance gives the stated simplification.
O

For the estimation of variances, it is enough to record the simple homoskedastic bench-

mark in most cases.

Definition 10.6 (Homoskedastic benchmark variance estimator for within estima-
tor). Under the homoskedastic “within white-noise” benchmark, a degrees-of-freedom

estimator of the idiosyncratic variance is
N T
~2 } : } : 2
Uu — NT N u"Lt?
=1 t=1

and the corresponding plug-in variance estimator for BFE is

i=1 t=1

Var(ﬂFE (Z Z thXlt> .

This is the direct analogue of the usual OLS variance formula, applied to the within-
transformed regression. If one wants to allow for arbitrary heteroskedasticity and serial

correlation within individuals, replace it with a cluster-robust (by ¢) variance estimator.
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10.3.4 First differences

Within transformation removed ¢; by subtracting an individual’s time average. First differ-
encing achieves the same goal in the most direct way: subtract period ¢ — 1 from period t¢.

Because ¢; is constant over time, it vanishes automatically, leaving a regression in changes.

Definition 10.7 (First-difference transformation and estimator). For any scalar or

vector process m;; (e.g. m = y,x,u), define

Amge == My — My 41, t=2,...,T.
Differencing the individual-effects model yields

Ayis = AX B + Augy, t=2,...,T,

since Ac¢; = 0. The FD estimator is the OLS coefficient from regressing Ay;; on Ax;
overi=1,...,Nand t=2,...,T":

) N T 1L /N T
Brp = (Z Z AXitAXiTt> (Z Z AXitAyit> .

i=1 t=2 i=1 t=2

To justify OLS on the differenced regression, we impose three benchmark conditions:

(FD1) Mean orthogonality in differences. For each t =2,...,T,

E [AX” Auit] =0.

(FD2) Rank variation. The differenced regressors contain enough variation to identify 3:
rank(E [AxitAx;-';]) =k.
In particular, any regressor that is time-invariant for each individual disappears after
differencing and cannot be identified.

(FD3) Homoskedastic “white-noise”. Let Au; := (Au;a, ..., Au;r)". Assume
E [AUZAU;I— | Xz] = JzAuITfl.

Note this is an assumption about Aw,; directly: i.i.d. u;; would induce negative serial
correlation in Au;; = wj — w;—1, while “Awu;; is white noise” corresponds to wu

behaving like a random walk.

Asymptotics. Similar to the within estimator’s asymptotics, under the same type of
LLN/CLT across ¢ as in the within case, ,QFD is consistent as N — oo, and its asymp-
totic variance takes the familiar OLS form applied to the differenced regression; in the ho-
moskedastic benchmark above, it simplifies to a constant times the inverse second-moment

matrix of Ax;.
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10.3.5 Policy evaluation, first differences, and DiD

When T = 2 and x;; encodes treatment status, the FD regression is exactly the two-period
difference-in-differences setup: differencing removes ¢;, and the treatment effect is identified
from changes over time.

To keep one canonical policy-evaluation picture in mind, imagine two periods: ¢t = 1
(pre) and t = 2 (post). In period 1, nobody is treated; in period 2, a subset of units
participates in a program. A convenient specification is

Yit = C; + B1 Doy + BoProg;, + i,

where Dy; = 1{t = 2} is a time dummy, and Prog,, indicates participation.

First differencing removes the nuisance ¢; automatically:
Ay; = yio — yi1 = PB1 + P2 AProg; + Au;, AProg, = Prog;, — Prog;;.

So the differenced regression says: compare how much outcomes change for participants

versus non-participants, net of the common time shift (3.

Definition 10.8 (Two-period DiD estimand). In the two-period setup with Ay; :=
Yi2 — ¥i1 and treatment indicator D; := AProg; € {0,1}, the population DiD esti-

mand is
6DiD :E[Ayl | Dl = 1] —E[Ayi | Dl :0]
Observed outcome
trend in intervention .- It "
! Intervention
rou
groap | effect
|
1
-
@ Constant
E .
S difference in
] outcome
o

Constant difference i
oukon) \ Unobserved Counterfactual
outcome trend for
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Observed outcome trend in
comparison group

Pre-intervention Post-intervention

Figure 9: The idea of DID.

The same logic is often written using group and time indicators in a single regression:
yit = o + BTreat; + yPost; + d(Treat; x Posty) + X;';n + wip.

Here Treat; flags the treated group and Post; flags the post-policy period. The interaction
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coeflicient ¢ is the DiD effect: untreated units shift by + from pre to post, treated units shift
by v+ d, and the difference between these shifts is §.

With more than two periods, it is convenient to replace explicit group and time dummies
with unit and time fixed effects:

yi+ = 6(Treat; x Posty) + ¢; + di + x;';n 4 U

The unit effect ¢; absorbs time-invariant group membership (so a standalone Treat,; term
becomes redundant), and the time effects d; absorb shocks common to all units in each
period (so a standalone Post; term becomes redundant). What remains identified is the
interaction: the differential post-period shift for treated units.

If treatment timing varies across units, one often expands the interaction into a sequence

of time-specific effects (an event-study specification):

Yir = 0+ Zét(Treati X Dt) +c;+ds —i—x;';n + ugt,
t

where D; denotes a time dummy and one period must be omitted as a reference. Plotting
the estimated {d;} with confidence intervals gives the event-study diagnostic: pre-treatment
coefficients provide a visual check of parallel trends, while post-treatment coefficients trace

dynamic treatment effects over time.

Event study for non-TOU consumers = Event study for TOU consumers
o J £ o
e £°
=
w w
°
0 %o
o\ |42 O A — _— o 9. o
o+ 5 °°°°°°¢°°°°°—< o o :° RS
00°% oo 0°° 00 %% o9
z 960 <
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Figure 10: Visual diagnostic from [H].Each panel plots estimated month-by-month treatment
effects (blue markers) relative to an omitted pre-treatment reference month, with 95% con-
fidence bands (shaded); the vertical line marks the treatment/adoption date (¢ = 0) and the
horizontal line marks zero. Parallel trends is supported when the pre-treatment coefficients
(months < 0) are statistically indistinguishable from zero and show no systematic drift;
post-treatment coefficients (months > 0) trace the dynamic response after adoption. The
left panel (non-TOU consumers) shows little evidence of pre-trends, while the right panel

(TOU consumers) displays a pronounced pre-period patterns.

As a closing remark, fixed effects identifies S only from within-individual movements
over time. Any regressor that is constant in ¢ for a given 7 is annihilated by the within
transformation, so its coefficient is not identified under FE. More generally, if a regressor

exhibits little within variation relative to its cross-sectional variation, the FE estimate of its

122



effect will be noisy: you are asking the estimator to learn from the small “wiggles” left after
subtracting each unit’s mean. This is the core tradeoff. Individual FE buys robustness to
arbitrary correlation between ¢; and {x;;}1_; by projecting out all time-invariant differences
across units—so it refuses to learn from purely cross-sectional comparisons, even when those

comparisons would be informative.

10.4 Random effects

Fixed effects is robust because it allows ¢; to be arbitrarily correlated with the regressors, but
it pays for this robustness by discarding all between-individual variation. Random effects
(RE) takes a different stance: it treats the individual component as part of the stochastic
error structure and tries to use both within- and between-individual variation. The price is

an additional orthogonality restriction linking ¢; and the regressor path.

Definition 10.9 (Random-effects model and RE exogeneity). Consider the
individual-effects specification

yit:C¢+X;,3+uit, i=1,...,N, t=1,...,T,

and define the composite disturbance v;; := ¢; + u;;. The random-effects approach
views ¢; as a random variable (a permanent shock), typically with E [¢;] = 0 after
absorbing the mean into an intercept. The key identifying restriction is orthogonality
between ¢; and the regressor path:

]E[Ci|Xi1,...,XiT] :0,

along with strict exogeneity of the idiosyncratic shock conditional on
ESaee e ek
E [uit | Xi1,- -+, XiTy 6] =0 for all ¢.

Together these imply the RE moment condition

E [vit xi5] = 0 for all s, ¢. (RE.1)

. J

Even if {u;;} is serially uncorrelated over ¢, the composite error {v;;} is mechanically cor-
related within ¢ because the same c¢; appears in every period. This is the central econometric
feature of RE: under RE.1, pooled OLS is unbiased/consistent for 3, but it is typically in-
efficient, and its naive i.i.d. standard errors are wrong because v;; is not independent over ¢
within individual.
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Definition 10.10 (Variance-components benchmark for RE). A standard bench-

mark assumes
E[cf] =02, Efup] =03  Efuaus] =0 (t#5s),
and independence between c¢; and {u; }._;. Then, for a fixed i (conditionally on X;),

Var (v; | X;) = Var (cie + u; | X;) = o2ee’ + o217 (RE.2)

10.4.1 Random effects via GLS

Because v; is not spherical, the efficient estimator under the benchmark RE.2 is GLS with

weight matrix
Q= Var (v; | Xi) = 021y + oee’.

The RE-GLS estimator is

A N -1 /N
Bre = (ZXJ nlxl-> (ZXZ nlyi> .
=1 i=1

Substituting y; = X;8 + v; yields
X N -1/ N
Bre — B = <Z XiTﬂlxz) (Z XzTQlUi> :
i=1

i=1

so the large-sample arguments mirror OLS/FE with weighted moments.
For RE-GLS, the identifying orthogonality can be written compactly as

E[X/ 92 'v] =0,
and the usual rank condition is
A =E [XZTQ*lXi] is nonsingular. (RE.3)
Under an LLN/CLT across 4, this yields Bgp ~ 3 and a CLT for v N(Bgp — 8).

10.4.2 Feasible GLS for random effects (FGLS)

In practice Q = 021 + o2ee’ is unknown. Feasible GLS replaces € by an estimate 2 and
runs GLS with 1.
Run pooled OLS on
Yir = X B + vt

and form residuals

~ L T -
Uit == Yit — X3 BpoLs-
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A natural estimator of the composite variance o2 := Var (v;;) = 02 + 02 is

Under the benchmark, for ¢ # s within the same individual,
Cov(vit, vis) = o2

co

motivating the within-i cross-time estimator

Then set

and run feasible GLS:
A~ N A 71 N A
BRrE-FGLS = (Z Xz‘TQ_lxz) (Z X:Q_lyz) :
i=1 i=1
10.4.3 Random effects as quasi-demeaning

GLS can be viewed as OLS after a whitening transformation. In the RE variance-components
model, the whitening step becomes a simple partial demeaning (quasi-demeaning) that

shrinks each unit’s time series toward its own mean by an amount governed by o2 /o?2.

Lemma 10.5 (Quasi-demeaning for RE-GLS). Let e € RT be the vector of ones
and define P := %ee—r and Q = Iy — %ee—'—. Consider the RE covariance 2 =
0217 + o2ee, where 02 > 0 and 02 > 0. Then:

(i) Diagonalization in (P, Q). 2 = 02Q+(c2+To?)P, Q! = U%Q—l—mP.

(ii) Quasi-demeaning representation. Define 7 := agi—g‘ag € (0,1],A :=1—
n/? e [0,1). Up to an irrelevant overall scalar factor, premultiplication by
Q~1/2 is equivalent to (Ir — AP). Hence RE-GLS is numerically equal to OLS
in the quasi-demeaned regression

y; = (IT — )\P)yi, X: = (IT — )\P)X“

i.e.

* = * =
Yir = Yit — Ai, X = Xit — AXj.

Proof. First, P and Q are orthogonal idempotent projections with P + Q = Iy and ee” =
TP. Then
Q=02(P+Q)+0%(TP) = 02Q + (02 + To?)P,

and the candidate inverse 27! follows by multiplying out and using PQ = QP = 0.
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Let n =02 /(02 4+ To?) so that Q@ = (62 +To?)(P + nQ). Because P and Q diagonalize
the space, we have
(P+1Q) 2 =P +97'/°Q,

hence (up to an overall scalar factor),
P4y 2Q=P+ 9?1y —P) =9 *(Ir - (1 - '*)P) = /*(Ir - AP).

Finally, Py, = §; e and similarly PX; = X; e, which yields the quasi-demeaned variables.
O

Intuitively, the quasi-demeaning factor

N1 0_3 1/2
B 02 4+ To?

controls how much of each unit’s time average is subtracted. If o2 — 0, then A — 0 and RE
collapses to pooled OLS (no demeaning). If T is large and/or 02 > 02, then A — 1 and RE
becomes increasingly FE-like (almost full demeaning).

10.5 Hausman test (FE vs. RE)

FE and RE rely on different identifying restrictions. FE remains valid even when c¢; is
correlated with the regressor path; RE is more efficient if ¢; is orthogonal to the regressors,
but becomes inconsistent if that orthogonality fails. The Hausman test turns this into a
comparison of two estimators that target the same 8 under the null.

The null is the RE orthogonality restriction

Hy: Ele | xi1,...,%7) = 0.
Let Bpg be the within estimator and Bgy the RE-GLS (or RE-FGLS) estimator, and define
AB = BFE - BRE'
Under Hy, A,@ is asymptotically centered at 0, and the Hausman statistic is
0= o) [Va(as)| @B, H S G
A common plug-in choice is
Var(AB) = Var(Bpg) — Var(Brp),

motivated by the efficiency of RE under Hy.
In finite samples, the difference Var(Bpg) — Var(Bgp) may fail to be positive semidefinite.
Software typically handles this by using an alternative estimator of Var(AB) or a generalized

inverse.
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Algorithm 14 Hausman test for FE vs. RE

Require: Panel data {(yit,xit)}fv:’itzl; significance level a.

1: Compute Bpg and \//a\r(BFE)
2: Compute Bgg (GLS or FGLS) and @(BRE).
3: Form AB + Brg — Bre.
4: Set Var(AB) « Var(Bpg) — Var(Bgg).
5: Compute H + (AB)T [Var(AB)]"1(AB) and p « 1 — F2 (H).
6: if p < a then
7. Reject Hy; evidence that ¢; is correlated with regressors; prefer FE as baseline.
8: else
9:  Fail to reject Hy; RE is plausible (and typically more efficient under the null).
10: end if

10.6 Summary

Panel data are not “more observations.” They are the same observations with personalities.
Each individual drags around a persistent component c¢;, and pretending it isn’t there is
how pooled OLS becomes confidently wrong.
Everything starts from
Yir = ci +di + 38 + ui.

The only question that really matters is whether ¢; is related to the regressor path.
To tackle it, we introduced several estimators (a.k.a. how much you are willing to

subtract away)

e Pooled OLS: delete nothing. Fast, tempting, and only valid if the panel structure is
somehow harmless.

o FE (within): delete the entire individual mean. Works even if ¢; and z;; are best

friends, but needs within-i variation.
e FD: delete ¢; by differencing. Great when T is small and the action is in changes.

e RE (GLS/FGLS): delete some of the mean (quasi-demeaning). Efficient if ¢; is
orthogonal to x;;; otherwise it’s efficient at estimating the wrong thing.

Strict exogeneity buys you identification after the FE/FD transformation. It also breaks
in the usual suspects: dynamic panels and nonlinear/binary choice settings.

If RE’s orthogonality story is true, FE and RE should agree up to sampling noise. If
they don’t, the Hausman test says: “cute assumption,” and you go back to FE. That’s the
chapter: choose how much unobserved heterogeneity you're willing to pretend away, and

then live with the consequences.
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with the regressors—but it discards all cross-sectional variation and cannot estimate time-
invariant coefficients. Random effects keeps the cross-sectional variation by treating c; as
part of the error, but it requires ¢; to be uncorrelated with the regressors. The Hausman
test asks whether the two estimators agree; if they don’t, you are supposed to believe FE,
because it is robust and RE is not. In practice, the test often rejects, and you go back to
FE, muttering about the loss of efficiency.

If there is a single thread, it is this: we are trying to learn something about the world
from data that never cooperates. We start with OLS because it is the honest baseline. Then
we adjust for heteroskedasticity, because the world is not constant. Then we instrument,
because the world is not exogenous. Then we go nonlinear, because the world is not linear.
Then we add fixed effects, because the world is not independent across time. By the end,
we are running GMM on a system of equations with cluster-robust standard errors and a
Hansen J-statistic that we pray is insignificant. And if someone asks what we are doing, we
say we are “doing inference”—which is a polite way of saying we are trying to tell a story

that the data cannot easily disprove.
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Miscellany

To be clear, these notes were not authored by a calm, well-rested adult with a stable sleep
schedule. They were written by someone who treats stress like a productivity hack, who
insists that “one more section” counts as a bedtime routine, and who once decided that
writing sixteen pages in five hours was a sensible plan—the kind of decision that feels heroic
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And yes: there are almost certainly mistakes. Some are typos. Some are “I swear
this made sense when I wrote it” And some are the inevitable consequence of letting an

overcaffeinated undergraduate play editor, typesetter, and theorist at the same time. If
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you catch anything wrong (or merely suspicious enough to deserve a raised eyebrow), I'd

genuinely appreciate a note—I can be reached at hmfang22@m.fudan.edu.cn

Tactical Advice for the Final

As far as I can recall, the exam is not asking whether you have a deep spiritual relationship
with asymptotics. It is asking whether, under time pressure, you can reconstruct the stan-
dard pipeline without panicking: start from the goal, back out what must be true for the goal
to even make sense, and then push the machinery until an estimator and its large-sample
behavior fall out.

Concretely, the workflow is usually: state the target parameter (so we know what game
we are playing), specify the population object that pins it down (so it is actually identified),
write the sample objective or estimating equation that defines the estimator (so we have
something to compute), and then list the assumptions that make the asymptotics go through
(so you are allowed to take limits without committing crimes). If you can produce that chain
on demand, you are basically holding the exam’s hand while it tries to trick you.

So in practice, it is checking whether you can:

1. Write down the object being estimated (parameter, estimand, or functional of the
DGP);

2. State the population condition that identifies it (moment condition, orthogonality,
likelihood, or rank condition);

3. Write the estimator as a sample analog (minimizer/maximizer/solution to an equa-

tion);

4. List the assumptions that justify the limit operations (LLN, CLT, differentiability /regularity,

non-singularity);

5. Not confuse “uncorrelated” with “independent” or “exogeneity” with “I feel like it

should be true” when the clock is ticking.

Everything else is garnish. Delicious garnish, but garnish nonetheless.

A Final Word

If you are about to take Prof. Wu’s final: I hope your brain produces clean derivations,
your pen never runs out of ink, and your estimators converge faster than your anxiety. May
your fixed effects actually wipe out the fixed effects. May your instruments be relevant and
exogenous (a rare and magical two-for-one deal). And may you never again write “strict
exogeneity” without first checking what it actually means.

If the exam starts feeling personal: remember, it isn’t. (Well, it might be. But you
should proceed as if it isn’t.) Take a breath, write down the model, label the assumptions,
and move. This is econometrics: you do not need to win every battle; you just need to keep
your identification alive long enough to finish the proof.

When you walk out of that room, remember: you did real work. You built a mental
model for how empirical claims are justified or debunked, which is more valuable than any
single grade will ever admit. Please do one healthy thing: Sleep. Eat. Go outside. Rejoin
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society. The Gauss—Markov theorem will not be offended if you ignore it for twelve hours.
The shiny little badge—whether it’s a grade on jwfw.com or a “We are delighted to inform

you...”—will arrive as life promised.

“My point is, while you’re spending all this time on your own, building computers or
practicing your cello, what you’re really doing is becoming interesting. When people
finally do notice you, they’re gonna find someone a lot cooler than they thought...

Congratulations.”
— Leonard Hofstadter, Ph.D.

References

[1] Hugh A. Chipman, Edward I. George, and Robert E. McCulloch. Bart: Bayesian additive
regression trees. The Annals of Applied Statistics, 4(1), March 2010.

[2] Angus Deaton and John Muellbauer. An almost ideal demand system. The American
Economic Review, 70(3):312-326, 1980.

[3] Jing Liang, Yueming Qiu, and Bo Xing. Social versus private benefits of energy efficiency
under time-of-use and increasing block pricing. Environmental and Resource Economics,
78:1-33, 01 2021.

[4] Lucas Mentch and Giles Hooker. Quantifying uncertainty in random forests via confi-

dence intervals and hypothesis tests, 2015.

131



	Introduction
	What are we actually doing when we ``do inference''?
	A minimalist Bayesian skeleton
	Why inference?
	What's next?

	Asymptotics
	Convergence in Probability
	Markov Inequality and Chebyshev Inequality
	Convergence in higher order mean (Lp)
	Unbiasedness & Consistency
	Univariate Weak Law of Large Numbers
	Multivariate WLLN
	Convergence in Distribution (Weak Convergence)
	Central Limit Theorems
	Summary

	Ordinary Least Squares
	Setup and notation
	Design
	Gauss–Markov assumptions
	Small-sample properties: unbiasedness and BLUE
	Unbiasedness
	Variance and the classical formula
	Gauss–Markov theorem (BLUE)

	Large-sample properties
	Consistency
	Asymptotic normality

	Summary

	Generalized Least Squares
	Diagnosing Heteroskedasticity
	Remedies
	White's Robust Standard Errors
	Weighted Least Squares (WLS)

	Generalized Least Squares (GLS)
	Cluster-Robust Standard Errors
	Feasible GLS (FGLS)
	Seemingly Unrelated Regression Equations (SURE)

	Summary

	Outliers
	Detecting Outliers
	Leverage and Influence
	Remedies

	Endogeneity
	Generalized Method of Moments
	Setup and Notation
	The GMM Objective Function
	Optimal bold0mu mumu 
	Optimal Weighting Matrix WN
	A two–moment compromise.
	Estimating Optimal WN.

	Instrumental Variables and 2SLS as GMM
	Finite-sample Bias and Consistency of 2SLS
	Simultaneous Equation Systems and System GMM
	An Economic Example: Supply and Demand
	System setup
	Validity Conditions in SESs
	Estimation under Homoskedasticity
	Estimation under General Error Covariance
	Feasible estimation via two–step weighting.
	Properties of System GMM

	Three–Stage Least Squares (3SLS)
	Testing Moment Conditions
	Hansen's J–test.
	The C–test. 

	Summary

	Maximum Likelihood Estimation
	A Binomial Example
	Principles of MLE
	Likelihood and Log-Likelihood
	Identification
	Score Function and Hessian
	Invariance of the MLE

	Asymptotics of Score Vectors and Fisher Information
	Asymptotics of MLE
	A heuristic route to consistency
	Consistency of M-Estimators
	Asymptotic Normality

	Likelihood-based Inference
	Standard errors from (observed) information
	Three classical tests: Wald, likelihood ratio, and score
	Likelihood-based confidence intervals and regions

	Summary

	Binary Choice Models
	Linear Probability Model
	Probit and Logit Models
	Latent Variable Interpretation
	Alternative Interpretations of Logit and Probit
	Marginal Effects
	Estimation by Maximum Likelihood
	Likelihood Setup
	First Order Conditions
	Hessian and curvature.

	Inference on 
	Inference on Marginal Effects
	Delta Method
	Delta Method for Marginal Effects

	Hypothesis Testing
	Wald Test
	Likelihood Ratio (LR) Tests
	Lagrange Multiplier (LM) / Score Tests

	Goodness of Fit
	Pseudo R2
	McFadden's R2

	Endogeneity and Full-Information MLE
	Attempting 2SLS
	A Moment-Condition Attempt
	A Frequentist Fix: Joint Modeling and Full-Information MLE

	From Binary to Multinomial Choice
	Latent-utility setup and normalization
	Multinomial Logit (MNL)
	Estimation by MLE
	Marginal Effects

	Summary

	Linear Panel Models
	Specifications and POLS
	Linear unobserved effects, FE vs. RE, and strict exogeneity
	Fixed effects
	LSDV estimation.
	Within estimaton.
	Asymptotics of the within estimator
	First differences
	Policy evaluation, first differences, and DiD

	Random effects
	Random effects via GLS
	Feasible GLS for random effects (FGLS)
	Random effects as quasi-demeaning

	Hausman test (FE vs. RE)
	Summary


